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Preface

This volume contains the proceedings of the 16th International Conference on
Rewriting Techniques and Applications (RTA 2005), which was held on April 19—
21, 2005, at the Nara-Ken New Public Hall in the center of the Nara National
Park in Nara, Japan.

RTA is the major forum for the presentation of research on all aspects of
rewriting. Previous RTA conferences were held in Dijon (1985), Bordeaux (1987),
Chapel Hill (1989), Como (1991), Montreal (1993), Kaiserslautern (1995),
Rutgers (1996), Sitges (1997), Tsukuba (1998), Trento (1999), Norwich (2000),
Utrecht (2001), Copenhagen (2002), Valencia (2003), and Aachen (2004).

This year, there were 79 submissions from 20 countries, of which 31 papers
were accepted for publication (29 regular papers and 2 system descriptions).
The submissions came from France (10 accepted papers of the 23.1 submitted
papers), USA (5.6 of 11.7), Japan (4 of 9), Spain (2.7 of 6.5), UK (2.7 of 4.7),
The Netherlands (1.7 of 3.8), Germany (1.3 of 2.3), Austria (1 of 1), Poland
(1 of 1), Israel (0.5 of 0.8), Denmark (0.5 of 0.5), China (0 of 4), Korea (0 of 4),
Taiwan (0 of 1.3), Australia (0 of 1), Brazil (0 of 1), Russia (0 of 1), Switzerland
(0 of 1), Sweden (0 of 1), and Italy (0 of 0.3).

Each submission was assigned to at least three Program Committee mem-
bers, who carefully reviewed the papers, with the help of 111 external referees.
Afterwards, the submissions were discussed by the Program Committee during
one week through the Internet by means of Andrei Voronkov’s FasyChair sys-
tem. I want to thank Andrei very much for providing his system which was very
helpful for the management of the submissions and reviews and for the discussion
of the Program Committee.

The Program Committee decided to award a prize of 100,000 Yen for the
best paper to the article Extending the Ezxplicit Substitution Paradigm by Delia
Kesner and Stéphane Lengrand. Moreover, student travel grants were awarded
to Jérome Rocheteau (author of the paper Ap-Calculus and Duality: Call-by-
Name and Call-by-Value) and Wojciech Moczydlowski (co-author of the paper
Termination of Single- Threaded One-Rule Semi-Thue Systems).

RTA 2005 had three invited talks, by Yoshihito Toyama (Confluent Term
Rewriting Systems), Philip Wadler (Call-by-Value is Dual to Call-by-Name —
Reloaded), and Amy Felty (A Tutorial Example of the Semantic Approach to
Foundational Proof-Carrying Code). The talk by Amy Felty was a joint invited
talk of RTA and the collocating 7th International Conference on Typed Lambda
Calculi and Applications (TLCA 2005).

Since RTA 2005 marked the 20th anniversary of RTA, this anniversary was
celebrated with a special session of invited talks on the history and future of
RTA and rewriting. For this session, we invited Gérard Huet (Before RTA: Early
Days in Rewriting Research), Jean-Pierre Jouannaud (Twenty Years Later), and
Nachum Dershowitz (Open. Closed. Open.). I want to thank both the invited
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speakers of RTA and of the anniversary session for their interesting and inspiring
talks.

RTA 2005 was held as part of the Federated Conference on Rewriting, De-
duction, and Programming (RDP), together with the following events. I wish
to thank the organizers of these events for making the conference even more
attractive:

— Tth International Conference on Typed Lambda Calculi and Applications,
TLCA 2005 (Program Chair: Pawel Urzyczyn, Conference Chair: Masahito
Hasegawa)

— 6th International Workshop on Rule-Based Programming, RULE 2005
(Horatiu Cirstea, Narciso Marti-Oliet)

— 19th International Workshop on Unification, UNIF 2005 (Laurent Vigneron)

— 5th International Workshop on Reduction Strategies in Rewriting and Pro-
gramming, WRS 2005 (Roberto Di Cosmo, Yoshihito Toyama)

— IFIP Working Group 1.6 on Term Rewriting (Claude Kirchner)

Many people helped to make RTA 2005 a success. In particular, I want to
thank Hitoshi Ohsaki, the conference chair of RTA 2005, and the other members
of the Organizing Committee, who organized the conference in a very careful
and completely perfect way. I am also very grateful to the members of the Pro-
gram Committee, to the external reviewers, to the former and current publicity
chairs of RTA (Femke van Raamsdonk and Ralf Treinen), to the sponsors of the
conference, and to René Thiemann and Peter Schneider-Kamp for helping with
many technical problems.

February 2005 Jiirgen Giesl
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Confluent Term Rewriting Systems

Yoshihito Toyama

RIEC, Tohoku University,
Katahira 2-1-1, Aoba-ku, Sendai 980-8577, Japan
toyama@nue.riec.tohoku.ac. jp

Abstract. The confluence property is one of the most important prop-
erties of term rewriting systems, and various sufficient criteria for proving
this property have been widely investigated. A necessary and sufficient
criterion for confluence of terminating term rewriting systems, in which
every reduction must terminate, was demonstrated by Knuth and Bendix
(1970). For non-terminating term rewriting systems, Rosen (1973) proved
that left-linear and non-overlapping term rewriting systems (i.e., no vari-
able occurs twice or more in the left-hand side of a rewriting rule and two
left-hand sides of rewriting rules must not overlap) are confluent, and
the non-overlapping limitation was somewhat relaxed by Huet (1980),
Toyama (1988), and van Oostrom (1997). However, few criteria have
been proposed for confluence of term rewriting systems that are non-
left-linear and non-terminating. Thus, it is still worth while extending
criteria for these systems.

A powerful technique for showing confluence of a non-left-linear non-
terminating term rewriting system is a divide-and-conquer method based
on modularity by Toyama (1987) or persistency by Zantema (1994), Aoto
and Toyama (1997). The method guarantees that if the system is de-
composed into small subsystems and each of them is confluent then this
system has the confluence property. Another useful technique is a trans-
formational method based on conditional-linearization by Klop and de
Vrijer (1991), Toyama and Oyamaguchi (1994), or a labelling technique.
In this method we apply a non-confluence preserving transformation on
a term rewriting system. Then the term rewriting system is confluent
if the transformed system is confluent, because of non-confluence pre-
serving. In this talk we will illustrate these techniques through various
examples and discuss the relation among them.

J. Giesl (Ed.): RTA 2005, LNCS 3467, p. 1, 2005.
© Springer-Verlag Berlin Heidelberg 2005



Generalized Innermost Rewriting

Jaco van de Pol!? and Hans Zantema?

! Department of Software Engineering, CWI, P.O. Box 94.079,
1090 GB Amsterdam, The Netherlands
Jaco.van.de.Pol@cwi.nl
2 Department of Computer Science, TU Eindhoven, P.O. Box 513,
5600 MB Eindhoven, The Netherlands

H.Zantema@Qtue.nl

Abstract. We propose two generalizations of innermost rewriting for
which we prove that termination of innermost rewriting is equivalent
to termination of generalized innermost rewriting. As a consequence,
by rewriting in an arbitrary TRS certain non-innermost steps may be
allowed by which the termination behavior and efficiency is often much
better, but never worse than by only doing innermost rewriting.

1 Introduction

In term rewriting one can rewrite according various reduction strategies, for
instance innermost or outermost. It may occur that by one strategy a normal
form is reached while rewriting according another strategy may go on forever.
For instance, innermost rewriting of f(a) by the TRS consisting of the two rules
a — b, f(a) — f(a) yields a normal form in one step while outermost rewrit-
ing goes on forever. By the TRS cousisting of the two rules a — a, f(z) — b
the behavior of f(a) is opposite: now innermost rewriting goes on forever while
outermost rewriting yields a normal form in one step. We say that a particular
strategy is not worse than another strategy if for every term for which the lat-
ter yields a normal form, the same holds for the former. The above examples
show that innermost and outermost are incomparable. For orthogonal TRSs it
is known that no strategy is worse than innermost ([3]); later it was proved that
the same result holds more generally for non-overlapping TRSs ([5]). In prac-
tice, many implementations use innermost rewriting since it is easy to implement
and often efficient. On the other hand, for implementing lazy evaluation for func-
tional programming it is essential to do non-innermost rewriting since otherwise
computations will not terminate. The main idea of lazy rewriting ([3]) is that
doing a computation is postponed until the result is required for continuation.
In this paper we consider strategies for arbitrary TRSs allowing overlaps
and even non-confluence, as often occurs in applications in theorem proving. For
instance, the natural rules to obtain conjunctive normal forms are not confluent.
We present two generalizations of innermost rewriting that are always provably
not worse than innermost, and allow non-innermost steps as they are preferred
in lazy rewriting. In the usual definition of innermost rewriting it is required that
all proper subterms of a redex are in normal form; in our definition of generalized
innermost rewriting we require this only for particular proper subterms.

J. Giesl (Ed.): RTA 2005, LNCS 3467, pp. 2-16, 2005.
© Springer-Verlag Berlin Heidelberg 2005



Generalized Innermost Rewriting 3

As an example, consider the following TRS for computation of factorials:

fac(z) — if(eq(z,0),succ(0), x * fac(pred(x)))
if(true, z,y) — x
if(false, z,y) — y

completed by standard rules for eq, pred and *. Now fac(succ”(0)) is not weakly
innermost normalizing, for any n > 0, but it is weakly generalized innermost
normalizing. Moreover, straightforward implementations of generalized inner-
most rewriting easily find the corresponding normal form.

In case of constructor systems that are either right-linear or non-root-overlap-
ping, our generalization corresponds to arbitrary rewriting. But our results also
apply for TRSs not being constructor systems or having overlaps. For instance,
in the above example we may have rules like (z *y) * 2 — x * (y x 2).

Apart from only considering whether a reduction will terminate or not, also
lengths of reductions to normal form may be considered. Then it is natural for
calling one strategy not worse than another strategy to require additionally that
if both strategies yield a normal form then the former strategy does not take
more steps. For this extra requirement it is obvious that duplicating rules should
be avoided. By doing so we prove that indeed this stronger result of being not
worse than innermost is obtained for generalized innermost rewriting.

Many implementations of rewriting including OBJ ([4, 7]) make use of similar
modifications of the innermost strategy to achieve better termination behavior
or efficiency. The basis of our work was in [10, 11], where JITty strategy anno-
tations and a corresponding implementation was proposed to postpone compu-
tation steps in a slightly more general way than eager annotations in OBJ. All
these implementations are essentially deterministic and apply particular cases of
generalized innermost rewriting, while often non-innermost steps are done. Typ-
ically, the termination behavior and efficiency of these implementations is much
better, but by our results never worse than by only doing innermost rewriting.

The outline of the paper is as follows. After recalling some standard notation
in Section 2, we introduce our basic generalization of innermost rewriting in
Section 3. Unfortunately, some further restrictions have to be given in order to
have the desired properties, as we show by an example. This is done in two
ways. In Section 4 this is done by avoiding duplication, by which also results
are obtained involving the number of rewrite steps. In Section 5 this is done
by avoiding root overlaps and applying priority of rules. In particular an open
problem from [10] is solved.

2 Basic Notation

As usual, for binary relations —, —’ on a set T' we define relation composition
by — - =" = {(t¢) ]I  t -t ANt ="t} With —" we denote
the n-fold relation composition, and —* and —* denote the transitive, and the
transitive reflexive closure of —, respectively. Finally, < denotes the inverse of
—. Using these notations many properties can be expressed shortly, for instance,

local confluence of — is expressed by «— - — C —* - «*,
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An object t is in normal form in —, if no s exists satisfying ¢ — s. The
set NF(—) denotes the set of all —-normal forms. An object t € T is weakly
normalizing in —, denoted by WN(¢, —), if there exists a reduction t —* s and
s € NF(—). An object t € T is terminating in —, denoted by SN(¢,—), if there
is no infinite —-reduction sequence starting in .

In the sequel, we consider a fixed set of function symbols and a fixed set
of variables V, from which terms are built as usual. By arity(f) we denote the
number of arguments expected by f. The set of variables occurring in a term
t is denoted by Var(t); we will use LinVar(t) to denote the set of variables that
occur exactly once in ¢. A substitution is a mapping from variables to terms,
and application of substitution ¢ to a term ¢ is denoted by to, or by t when o
is complex expression.

A position is defined to be a list of positive integers, as in [1]; € denotes the
empty list, corresponding to the root position. The set of valid positions in a
term ¢ is denoted by Pos(¢); the subterm at position p in a term ¢ is denoted by
t|p; its root symbol is denoted by (¢),. Replacing the subterm at position p in C'
by s is denoted by C[s],, or simply C|s], where C[] is called the context. Two
positions that are not comparable in the prefix order are called disjoint.

We consider rewriting w.r.t. a fixed TRS, consisting of a set of rules of the
form ¢ — r, such that £ ¢ V and Var(r) C Var(¢). Rules ¢; — r1 and 5 — ro are
root overlapping if for some o and 7, {10 = lo7.

Let Def denote the set of defined symbols, that is, symbols that occur as the
root symbol of the left hand side of a rule. A TRS is called a constructor system if
for all left hand sides ¢ the root symbol is the only occurrence of a symbol in Def.

3 Generalized Innermost Rewriting

Recall that we consider a fixed TRS.
Definition 1. A term t rewrites to a term w, written t — u, if
— t = C[lo] and u = C|ro] for a rule £ — r, context C and substitution o.

The subterm lo of t is called the corresponding redex. In the sequel, the set NF
always denotes the set of normal forms NF(—).

Definition 2. A term t rewrites innermost to a term w, notation t —; u, if

— t = C[lo] and uw = Clro] for a rule { — r, context C and substitution o; and
— Lo, € NF for all p € Pos(¢) \ {e}.

It is easy to see that this corresponds to the usual notion of innermost rewrit-
ing. It is also easy to see that NF(—;) = NF(—). We now introduce a generaliza-
tion of innermost rewriting in which the second condition is slightly weakened.

Definition 3. A term t rewrites generalized innermost to a term w, notation
t—gu, if

— t = C[lo] and u = Clro] for a rule ¢ — r, context C and substitution o; and
— lol|, € NF, for all p € Pos(¢) \ {e}, such that (£), € Def.
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Clearly, —; C —, C —, hence NF(—,) = NF(—). Note that for constructor
systems, —, = —, i.e. generalized innermost rewriting corresponds to general
rewriting.

We hope that generalized innermost rewriting has better normalization prop-
erties than innermost rewriting. This means first of all that if a term ¢ is —;-
terminating, then it should be —,-terminating. However, this is not always the
case, as is witnessed by the following example inspired by [9]:

FEzample 4. Consider the TRS consisting of the three rules
fla,b,z) — f(z,z,x), ¢c—a, c—b
—; is terminating on f(a, b, ¢), while — is not terminating on f(a,b,c).

We see in this example that redexes can be copied by the first rule, and that
the copies can behave differently, because the last rules are root-overlapping.
Both ingredients are essential for this counter example. In Section 4, we restrict
the generalized innermost strategy to avoid duplication of redexes. In Section 5
we restrict the generalized innermost strategy to avoid root-overlaps by assum-
ing a priority on the rules. In both cases we prove that innermost termination
coincides with termination of the restricted generalized innermost reduction re-
lation. The proofs of these results are quite different, and the sections can be
read independently.

Moreover, if redex duplication is avoided, the number of generalized inner-
most steps is bounded by the number of innermost steps. In case the TRS is non-
root-overlapping, we prove equivalence of —;-termination and —,-termination.
The latter section also solves an open problem in [10].

4 Avoiding Duplication

In case one wants short reductions to normal form it is clear that duplicating
rules should be avoided. For instance, in rewriting the term f(a) by the TRS
consisting of the two rules f(x) — g(x,z),a — b we prefer innermost reduction
since otherwise a will be duplicated before it is rewritten, requiring one more
rewrite step afterward. Therefore we now adjust our definition of generalized
innermost rewriting to a non-duplicating variant as follows.

Definition 5. A term t rewrites non-dup-generalized innermost to a term wu,
notation t —nqq u, if

— t = C[lo] and uw = Clro] for a rule { — r, context C and substitution o; and
— lol|, € NF for all p € Pos(¢) \ {e} for which either

e ({), € Def, or

o (0)p is a variable occurring more than once in r.

Clearly, —; € —pngg € —4 € —, hence NF(—,49) = NF(—). Compared to
generalized innermost rewriting the extra condition is that subterms on variable
positions with multiple occurrences in 7 should be in normal form. One can
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argue this is more related to non-right-linearity than to duplication, but since
the intension is to avoid duplicating steps we chose to call this 'non-dup’. The
desired theorem (Theorem 9) does not hold if we weaken the extra condition to

non-duplication in the sense that the variable occurs not more often in r than
in ¢: in the TRS

flz,2) = g(x, %), a— b, a—c, g(b,c) = g(bc)

the term f(a, a) is innermost terminating while it admits an infinite generalized
innermost reduction.

Note that non-dup-generalized innermost rewriting applies to all TRSs, the
only extra restriction is that a subterm in a particular position in a redex should
be in normal form. For non-dup-generalized innermost rewriting we will show
that it is not worse than innermost without any restriction on the order of the
rules, and moreover, the lengths of reductions to normal form by this strategy
are not worse than by the innermost strategy. First we need some lemmas.

Lemma 6. Let t’ be an innermost redex of t = C[t'], and t = u for some term
u and n > 0. Then either

— u = C'[t'] for some context C' and C[t"] = C'[t"] for any term t", or

— there exists v such that ' —; v and C[t'] —; C[v] =" u.

Proof. Induction on n. For n = 0 we choose C' = C and we are in the first case.
If n > 0 and ¢’ is rewritten in the first step then we are in the second case. In
the remaining case another redex is rewritten in the first step of t —7" u, say
t1 rewriting to to. Assume t' is left from ¢; in ¢; if it is right the argument is
similar. So we have

t = D[t',t1] —; D[t',ts] =71 w.

We apply the induction hypothesis to D[t',t2] — ' w. If the first case holds
then we obtain u = C'[t'] and D[t",ts] =" C'[t"], hence C[t"] = D[t", t1] —
D[t",ty] -7~ C'[t"], and we are in the first case. If the second case holds for
D[t t5] =" u then we have v satisfying ¢’ —; v and D[t/ ts] —; D[v,t2] —72

u, yielding C[t'] = DI[t',t;] —; Dv,t1] —; D[v,t2] —""? wu by which we
are in the second case, concluding the proof. a

Lemma 7. Let t —pqqg uw —3 w for terms t,u,w and n >0, and t />; u. Then
t*j'—’ndg'_)f"_;nw

for some k > n —1 and m being either 0 or 1.

Proof. Write t = C[¢o] and u = Clro] for a rule £ — 7 and a substitution o,
satisfying o —yqq ro and o /+; ro. Hence o admits a non-root reduction step,
say on position ¢ # €. If ¢ € Pos(¢) and ¢|, is not a variable then ¢|, € Def since
lo admits a reduction step on position ¢, but then ¢o|, € NF by the definition
of —,,44, contradiction. Hence either |, is a variable or ¢ ¢ Pos(¢). In the latter
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case there is a position p € Pos(¢) such that ¢|, is a variable and fo|, admits
a reduction step. So in both cases we have such a variable z = ¢|, for which
xo ¢ NF. Since lo —yq4g o and zo ¢ NF we conclude that x occurs at most
once in r. Write £ = Cf[z,...,z] where z does not occur in C. Choose u’ such
that xo —; u’. Define 7 by 7 = v’ and y7 = yo for y # x. Then

t = Clto] = C[Clxa, ... ,z0]] —F C[C[,...,u'|] = Cllr] —nay C[r7].

In case = does not occur in 7 we have C[rr] = C[ro] = u and we are done,
choosing m = 0,k = n.

In the remaining case z occurs exactly once in r, so r = D[x] where x does
not occur in D. Let ¢’ be the redex corresponding to zo —; v/, so xo = E[t'] —;
E[t"] = u for some context F and some term t”. Now we apply Lemma 6 to
u = C[ro] = C[Do|E[t']]] =7 w, yielding two cases.

In the first case we obtain C” satisfying w = C'[t'] and Do [E[t"]] — C'[t"].
Now we obtain k =n and m =1 in w = C'[t'] —; C'[t"] and

C[r7] = C|Dolz7]] = C[Do[W]] = C|Da[E[t"]] =1 C'[t"

and we are done.
In the remaining second case of applying Lemma 6 we obtain a term v sat-

isfying t' —; v and u = C[Da|E[t']]] —; C[Do[E[v]]] ="' w. Note that it may

K2

be the case that v # ¢. Define p by xp = E[v] and yp = yo for y # x. Then

t = Clto] —7 Tltp] =y Clrp) = CDplapl] = CID[EW]]) =" w,

3

by which we are done choosing m =0,k =n — 1. a

Lemma 7 is the key lemma for our Theorems 9 and 12; the rest of the proofs
of these theorems and corresponding lemmas hold for arbitrary finitely branching
ARSs —; and — 44 satisfying the property of Lemma 7.

n

ndg U for some term u. Then

Lemma 8. Lett be a term andn > 0. Assume t —
there is a term v satisfying t —7 v.

Proof. Induction on n. For n = 0 it is trivial, for n > 0 assume t —,,44 ¢/ —>qul

n—1

Applying the induction hypothesis on ¢’ —nag W yields a term u' satisfying

u.

t' =71/ If t —; t' we are done; in the remaining case we apply Lemma 7 on

K3
t —nag t" =71/ yielding t —F ¢ —,4y - —F u” for some v’ and k > n — 2.
For n =1 we are done. For n > 1 we apply the induction hypothesis on the first
n — 1 steps of t/ — 4y - —F u”, note that all —; steps are — 4, steps too. This
yields a term v’ satisfying ¢ —; ¢ —7~! v/; now we can choose v to be the term
obtained after n steps in this reduction. 0O
Theorem 9. Let the given TRS be finite, and let t be a term. Then —; is
terminating on t if and only if —p4g is terminating on t.
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Proof. The ‘if’-part trivially holds since every —; step is a —,q44 step. For the
‘only if’-part assume ¢ admits an infinite —,,44-reduction while —; is terminating
on t. So the reduction graph of ¢t with respect to —; does not contain infinite
paths. Since the TRS is finite, this graph is finitely branching. Hence by Konig’s
lemma this graph is finite and acyclic. Hence a number N exists such that all
—; reductions of ¢ have length < N. Since ¢t admits an infinite —,44-reduction
there is a term w satisfying ¢ —>ivd;1 u, contradicting Lemma 8. a
Theorem 9 does not hold if —,44 is replaced by — 4, as witnessed by the TRS
of Example 4. Hence the restriction in the definition of —,44 that lo|, € NF if
], is a variable occurring more than once in r, is essential for Theorem 9.
Next we consider lengths of reductions: we will show that if ¢ reduces by
—ndg iD 1 steps to a normal form, then ¢ admits either an infinite innermost
reduction or an innermost reduction of at least n steps to the same normal form.

Lemma 10. Lett,w be terms, let —; be terminating ont and lett —,qq - —7 w
forn >0. Then t =7 - —* w for some n' > n.

Proof. We apply induction on —;, i.e., in proving that ¢t —,q, - —7 w implies
t —>?/ -« w we assume the induction hypothesis that a similar property
replacing ¢ by ¢’ holds for all n and all ¢’ satisfying t — ¢'. So assume t —,q4,
u —" w. If t —; u we are done, otherwise we apply Lemma 7 yielding ¢',¢”
satisfying t —F ¢/ —pqy - =8 ¢ < w for K > n — 1. Now applying the
induction hypothesis on ¢’ — 4, - —F ¢ yields t —F ¢/ =F . —* ¢ — w for
k' > k. Since 1 + k' > k+1 > n we are done. ]

Lemma 11. Let —,q4 be terminating on a termt and t —>qu v for somen > 0.
Then t —k . «—* v for some k > n.

n—1

Proof. Induction on n. For n = 0 it is trivial, for n > 0 assume t — 44 u —ndg V-
Observe that —,q, is terminating on w. Applying the induction hypothesis on
U —>Z;gl v yields &' > n — 1 and w satisfying u —>i—“l w and v —; w. Applying
Lemma 10 on t —p44 u —K 4 yields t —¥ - «* w for k > k. Since v —* w and
k> k'"+1>n we are done. ]

Theorem 12. Let the given TRS be finite, let t be a term and let u be a normal
form such that t —73,. u. Then either t admits an infinite —;-reduction, or
t =k for k >n.

Proof. Assume t does not admit an infinite —;-reduction. Then —; terminates
on t, and by Theorem 9 also —,,44 terminates on ¢. Then by Lemma 11 we have
k. %4y for some k > n. Since u is a normal form we have t —¥ . 0

t —;
Hence a —pqq-reduction to normal form is never worse (counted in number
of steps) than an innermost reduction to the same normal form.
Theorem 12 does not hold if —,,44 is replaced by —,: in the TRS consisting
of the two rules

f(x) = g(z,z), a =D,
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the term f(a) admits a three step — 4-reduction

fa) =4 g(a,a) =4 g(b,a) —4 g(b,b),

while the only innermost reduction f(a) —; f(b) —; g(b,b) of f(a) contains
only two steps. Clearly for obtaining short reduction sequences in duplicating
positions in left hand sides the argument first should be in normal form, as is
required by the restriction in the definition of —,4, that fo|, € NF if £|, is a
variable occurring more than once in r.

On can wonder whether the finiteness condition in Theorems 9 and 12 are
essential. It is claimed by Vincent van Oostrom that it is not. However, for
proving so a different approach will be required: the abstract reduction property
described in Lemma 7 is not sufficient to conclude the properties claimed in
Theorems 9 and 12 in case of infinite branching. For instance, by defining the
abstract reduction systems on natural numbers

—;={0,n) | n>0tU{(n+1,n)|n>0}, —niyg=—iU{(0,0)}

the property described in Lemma 7 holds but the properties claimed in Theorems
9 and 12 do not. This example is due to Vincent van Qostrom.

5 Avoiding Root Overlaps

In this section we will deal with the case that top rewrite steps are deterministic.
This holds if the TRS is non-root-overlapping. For general TRSs this can be
forced by fixing a priority on the rules. In this case, we can show that generalized
innermost reduction steps commute in a proper way with parallel innermost
reduction steps. We will first identify the required commutation diagram in an
abstract setting (Lemma 13).

In many cases, the non-root overlapping criterion is too restrictive. In order
to apply our theory to any TRS, we will assume that overlapping rules will be
applied in a fixed order. For implementations, this is a natural restriction. This
idea is implemented by a partial order on the rules, following priority rewrite
systems [2]. For a fixed TRS, any partial order gives a particular strategy — -
(Definition 15). Finally, we show that the commutation diagram holds for these
strategies (Lemma 20). As a conclusion, we obtain that if innermost rewriting
is terminating, then generalized innermost rewriting with ordered rules is termi-
nating, Theorem 21.

The following lemma holds for all ARSs. One can think of — and + as
innermost rewriting and parallel innermost rewriting, respectively, and = as
an extension of it, such as generalized innermost rewriting. Later we will use
another instance.

Lemma 13. Let binary relations =, — and ++,, (n > 0) be given. We write +
for UnZO . Assume - C =, — C + and 4+, - = C (—=F - = - 4)U 4p_1.
1. Assume that x + y and SN(y,=). Then SN(z,=).

2. Assume that WN(z,—), and for all y, if y € NF(—) then SN(y,="). Then
SN(z,=).
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Proof. Part 1. Assume SN(y,=). Then =7 is well-founded on successors of y.
By induction on yo (for all yo with y =* yo) ordered by =7, we will prove:
VYV : xo 4 Yo = SN(z,=>). The latter is proved by induction on n (inner
induction). So assume zy 4, yo. It suffices to prove SN(z,=) for all z with
2o = z. The main assumption gives two cases. In the first case, yo —* - = - 4+ 2.
In particular, as — C =, we find 3, such that yo =" y; and z + y;. By the
outer induction hypothesis, SN(z,=>). In the second case, z ++,_1 yo. Then, by
the inner induction hypothesis, SN(z, =).

Part 2. By WN(z, —), we find a reduction x —* y, for some y € NF(—).
Hence by using the assumptions, z ++* y and SN(y,=). By induction on the
length of this reduction sequence and by Part 1, we obtain SN(z, =). a

From now on, we assume a fixed TRS with a partial-order > on rules, such
that at least any two root-overlapping rules are comparable. Note in particular
that for non-root-overlapping systems, taking the empty partial order is allowed.
We now first define innermost rewriting with priority, which in case of overlaps
gives priority to the smallest rule.

Definition 14. A term t rewrites innermost with priority to a term w, notation
t —i> U, Zf

— t = C[lo] and uw = Clro] for a rule { — r, context C and substitution o; and

— lol|, € NF for all p € Pos(¢) \ {e}; and

— there is no rule (¢(' — r') with (' — ') < (£ — r) and substitution T, such
that U'T = lo.

Innermost reductions with priority in which C|[] is the empty context are called
top innermost reductions, notation t —;~ u.

The first two conditions ensure innermost behavior and the third condition en-
forces the priority restrictions. Next, we define the generalized innermost rewrit-
ing with priority:

Definition 15. A term t rewrites generalized innermost with priority to a term
u, notation t — g~ u, if

— t = C[lo] and uw = Clro] for a rule { — r, context C and substitution o; and

— lol|, € NF for all p € Pos(¢) \ {e} such that (£), € Def; and

— there is no rule (¢ — r') with (¢’ — 1) < (¢ — r) and substitution T, such
that {'T = lo; and

— for all rules (¢! — ") with (¢’ — ') < (¢ — r) with the same top symbol f,
and for all 1 <i < arity(f) if lo|; & NF then ¢'|; € LinVar(?').

Top generalized innermost reductions with priority in which C]| is the empty
context are denoted by t +— g~ u.

The first two clauses ensure generalized innermost behavior, the third clause
enforces priority restrictions, and the last technical clause ensures that doing
some (innermost) steps doesn’t influence which rule is chosen. (Adding a similar
last clause to the definition of —;~ would not give a different relation.)
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Note that —;~ C — 45 C —. Moreover, if > is well-founded, then NF(—,;~) =
NF(—4>) = NF(—). Note that for non-root-overlapping systems, by choosing
>= (), the last two conditions can be removed. So in this case, —4> = —y.

Top generalized innermost reduction with priority is deterministic in the
following sense:

Lemma 16. Assume that root-overlapping rules are comparable. Ift — 4~ u and
t =g v, then u = v.

Proof. By definition of — -, we find rules /; — 7 and {3 — 72 and substitutions
o and p, such that ¢ = 10 and t = l5p. Then these rules have root-overlap, so
they are comparable. By the third condition of Definition 15, (¢; — r1) % ({2 —
ro) and (b — 1r9) # ({1 — 12), 80 1 = £9 and 71 = r2. So 0 and 7 coincide on
the variables in £1, so in particular on variables in r1, sou =rio0 =ro7 =v. 0O

Note that +—;~ C 4>, so the lemma also holds when one or both reduction
steps are replaced by +;~. One can prove that —;- is confluent, because it
satisfies the diamond property, and —,~ is weakly confluent, but not confluent,
due to possible non-left-linearity.

We will also need parallel — ;< -reduction:

Definition 17. t rewrites to u with n-step parallel innermost reduction with
priority (notation t +7 w) if t = Clty,...,t,] and uw = C[t},...,t,] and for
each j with 1 < j <mn, t; s th. With 4> we denote |, 5o 7% -

Note that +»j doesn’t coincide with the n-fold composition of -+, as in
(i)™

Next we need an operation for simultaneous replacement of subterms.
Definition 18. Let t1,...,tn,t],...,t;, be given, such that t; v t; (for all
1 < j <n). We define the operation « on terms and extend it to substitutions
as follows:

— for a term t the term a(t) is obtained from t by simultaneously replacing all
occurrences of t; by t'; (for all j);
— afo)(z) = a(xzo) for all variables x and all substitutions o.

Note that this is uniquely defined due to Lemma 16
We use the following facts on a and +;~:
Lemma 19. Letty,... tn,t],... 1, be given, such that tj > t; (for 1<j<n).

1. to +pis t*9):in particular, if to € NF then t*(7) = ¢,
2. Assume that for all p € Pos(l) with (¢)|, € V, we have lo|, & {t1,...,tn}.
Then a(£7) = (),

Proof. 1: All t; are innermost redexes, so they occur at disjoint positions.
2: Induction on ¢. O
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We now prove the key lemma of this section:

Lemma 20. Assume that any root-overlapping rules in the TRS are comparable
in the partial order >. Then

“ris s —g> © (20 =g - s )U "'*Z;l
Proof. Let « +l% y and © —4- 2. Then z|, = fo and z = z[ro], for certain
¢ — 1,0, and p; and €7 =45 77, so, writing f for the top symbol of £, we have
the conditions of Definition 15:

C2 (0|, € NF for all ¢ € Pos(¢) \ {€} such that (¢), € Def; and

C3 there is no rule (¢ — ') with (¢/ — ') < (¢ — r) and substitution 7, such
that ¢’ = fo; and

C4 for all rules (¢’ — ") with (¢/ — ") < (¢ — r) with the same top symbol f,
and for all 1 <4 < arity(f), either ¢'|; € LinVar(¢'), or ¢o|; € NF.

Moreover, we find pairwise disjoint positions p1, ... ,p,, terms t1, ... .ty t7, ...,
such that z[,, = t; and t; +;> t}, for all 1 < j < n. Note that p cannot be
strictly below any p;, because t; are innermost redexes.

We distinguish cases. Case 1: £ = t; for some 1 < j < n. By Lemma 16,
77 = t’. Now if p = pj, for some 1 < j <n, we can write z as C[t1,...,t,], and
prove the lemma as follows:

z = z[ro], :C[tl,...7t3,...,tn] ﬂe?;l Clty,...,th] =y

Otherwise, p is disjoint from all p;, so we can write x as C[l7,t1,...,1,], and
prove the lemma as follows:

y=C[%t,...

Case 2: for all j, £7 # t;. Then all p; are either disjoint from p, or strictly
below p. Assume (w.l.o.g.) that positions pi,...,pr are strictly below p, and
Dk+1s - - -, P are disjoint from p (for some 0 < k <n+1). So we find context C|]
and D] such that z = C[lo,tgt1,...,tn] and o = DJty,...,tx]. We can write
y = C[D[ty,...,t}],th 1, 1] and z = C[r7 tx11,...,t,]. In order to apply
¢ — r to y, we first have to reduce any remaining copies of ¢; in D[t],...,t}]
(in case ¢ is non-left-linear). This is done by the simultaneous replacement «,
defined in Definition 18 for terms ¢y, ..., tx.

Define v := Cla(€7), 1}, 1, .., t,]. We next show that a(¢7) is an instance of
¢, using Lemma 19.2. So let ¢ € Pos(¢), (¢)|, € V, and assume (0|, = ¢; (for some
0 < j <k). Then (fo), € Def, so (£), € Def (it is not in V by assumption). Note
that ¢ # ¢ (by assumption of Case 2). Hence, by C2, fo|, € NF, in contradiction
with ¢; being an innermost redex. So by Lemma 19.2, we indeed get that a(¢7) =
Ea(a).

So we proved v = C[la(”),t;ﬁ_l, ..., t1]. Define w := C[ra(”),t;ﬁ_l, ot
Then by Lemma 19.1, £7 +4#;5 (%) = (£7). Then also D[t},...,t}] 4> a((7)
(this contracts a subset of the redexes from ¢7). Then also y +p;~ v, as +p;~ is
closed under context. Similarly, 77 ++; 7*(?) by Lemma 19.1, so z +#; w, because
Dk+41s - - -, Pn. are all disjoint from p.

] —gs Clro b, ] s C'[r% by, ] = 2

r'n
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Finally, we must check that £*(?) > (@) in order to conclude that v —g>
w. This boils down to checking conditions 2—4 of Definition 15, assuming that
these conditions (called C2-C4) hold for (7 — g 77.

Cond 2) Let ¢ € Pos(¢) \ {e} with (I); € Def. Then (using equations of
Lemma 19.1, 19.2 and usual commutation of substitutions and positions), we
have (29|, = a(¢°|,) = £°|, € NF by C2.

Cond 3) Let (¢/ — r') < (£ — r) and 7 be given, such that ¢'7 = [*(®), We
will construct 7/, such that ¢/7/ = (7, contradicting C3, as follows: 7/(x) := if
x = {'|; € LinVar(¢’) for some 0 < ¢ < arity(f), then ¢|;0; else 7(x). Then for
each 0 < i < arity(f), by C4, either ¢'|; € LinVar(¢'), so ¢'|;7" = {|;0 by definition
of 7/, or lo|; € NF, so {];0 = f\?(g) = {'|;7 = ¢'|;7/. This holds for all arguments
1, hence ¢'7/ = [, contradicting C3.

Cond 4) Let (¢/ — ') < ({ — r). By C4, either fo|; € NF, hence also
()|, = fo|; € NF, or £'|; € LinVar(¢').

Summarizing, we obtain:

y=C[D[ty,....t}], thyys- - t7]

s v = Cla(l?), .. 1]
=C1*) t) .. 1]
—gsw=C[r) t) .t
“Hris 2= C[TU,tk_H, .. .,tn}
which proves the lemma, by observing that ;> C —7.. g

Theorem 21. Assume that any root-overlapping rules in the TRS are compara-
ble by the partial order >. Then for any term t, if WN(t, —;>), then SN(t, —4>).

Proof. Assume WN(¢, —;=). We check the conditions of Lemma 13.2, with = =
—g>, — = —j> and +#, = 4L . Clearly, —;> C —4> and —;> = —H—>l-1> C 4.
The next condition is obtained from Lemma 20. Finally, —;~-normal forms
are —g4~-normal forms, so in particular —,~-terminating. Hence we can apply
Lemma 13.2, and obtain SN(¢, —4>) ]

Note that if we drop the third condition of Definition 15, the previous theorem
would not hold. This is witnessed by Example 4. Also the fourth condition is
essential, as witnessed by the following example. Consider the TRS consisting of
the rules

e—a, d—d, a: f(z,x) —>¢c, B:fla,y)—d
with @ < 8. Then f(a,e) —;~ f(a,a) —;> ¢ is the only —,;~-reduction from
f(a,e), so SN(f(a,e),—i>). However, without the fourth condition of Defini-
tion 15 we would have f(a,e) —4> d —4> d, leading to an infinite reduction. A
similar left-linear example exists:

e—b, d—d, a:f@b)—c B:flay) —d

with again o < 8. Now SN(f(a,e),—;>), but without the fourth condition of
Definition 15, we would obtain f(a,e) —4>» d —4> d, leading to an infinite
reduction. The following corollary shows that generalized innermost rewriting
with priority is not worse than usual innermost rewriting.
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Corollary 22. Assume that any root-overlapping rules in the TRS are compa-
rable by the partial order >. Let t be a term.

— SN(t, —i>) if and only if SN(t, —4>).
— IfSN(t,—;), then SN(t, —4> ).

Proof. This follows from Theorem 21 using —;~ € —; and —;5 C —4. O

The reverse of the second doesn’t hold, as witnessed by the two rules (a — b) <
(¢ — a). The infinite reduction a —; a is disabled in — 4> by the terminating
smaller rule.

Corollary 23. Let the TRS be non-root-overlapping and let t be a term. Then
WN(t, —;) < SN(t, —4) < SN(t, —).

Proof. Assume WN(t,—;). The TRS is non-root overlapping, so we can take
>= (), then —; = —;> and —, = —,~. By Theorem 21, we obtain SN(¢, —).
The implication SN(t, —4) = SN(¢, —;) follows from —; C —; the implication
SN(t,—;) = WN(t, —;) is universal. O

In [10] the conjecture was stated that if a TRS is innermost terminating, then
any in-time JITty annotation induces a terminating strategy. A JITty annotation
for a function symbol is a list consisting of argument positions and rules for
that symbol, which deterministically describes in which order to evaluate the
arguments or apply the rules. An annotation induces a rewrite relation — g.q;.
E.g., given rules « : if(true,xz,y) — x and (3 : if(false, z,y) — y, the annotation
if : [1,a,0,2,3] denotes that if(s,t,u) is evaluated by first evaluating s, then
trying rule «, then (3, and if this failed, normalize ¢ and u, respectively. A strategy
annotation is in-time if for every rule ¢ — r in it, all argument positions in ¢
distinct from LinVar(€) occur before it. We can now solve this conjecture.

Corollary 24. Let the TRS be finite, and let strat be an in-time strateqy an-
notation in the sense of [10]. For all terms t, if SN(t,—;) then SN(t, —strat)-

Proof. Define (¢ — r) < (¢ — r') if and only if £ and ¢’ have the same top
symbol, and ¢ — r occurs before (¢ — r’) in the strategy annotation. Then
—strat © —¢>; conditions 2 and 4 of Definition 15 are enforced by the in-time
requirement, and condition 3 is enforced because the order coincides with the
order in the annotation. Assume SN(¢, —;). Note that —,;~ C —; and they have
the same normal forms, so WN(¢, —;~). By Theorem 21, SN(¢, —,), hence
SN(t> _>strat)~ O

The last result doesn’t hold for all (eager) OBJ annotations, in which 0 is used
to denote application of any rule. Consider again the example TRS consisting
of the following three rules a : f(a,b,2) — f(x,z,z), B:¢c— a, v:c— b. The
system is innermost terminating, so any JITty annotation gives a terminating
strategy, including f : [1,2, «, 3], and either ¢ : [3,7] or ¢ : [y, 8]. However, the
OBJ-annotation f : [1,2,0,3] and ¢ : [0] (where 0 stands for the application of
any rule) admits an infinite sequence.
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6 Conclusions

We introduced two generalizations —,44 and —,4~ of innermost rewriting —;
and —;~, respectively, for which we proved that for every term ¢ the properties
SN(t,—;) and SN(t, —nq4y) are equivalent, and the properties SN(¢, —;~) and
SN(t,—4>) are equivalent. As a main application of these results we see that
for particular strategies as they are applied in implementations ([4, 11]) we may
conclude that they are not worse than innermost rewriting as long as they are
contained in —,q44 or —4~. This comparison describes worst case behavior; in
typical applications we observe that the particular strategies terminate where
innermost rewriting does not. Roughly speaking we can say that these strategies
allow a kind of lazy rewriting without loss of efficiency or termination behavior.

We want to emphasize that these strategies apply for all TRSs without any
restriction, and have the same set of normal forms as the full general rewrite
relation, in contrast to other approaches like context-sensitive rewriting ([6]).
Moreover, our strategies do not depend on user-defined options, except for the
order of root-overlapping rules in Section 5

In implementations typically strategies are deterministic. For a proper order

d e

> on the rules and — € {—;, ==, —¢>, —ndg} let — be a deterministic instance
. d . .

of —, i.e., » C — and for every term ¢t not being a normal form there is exactly

one u satisfying ¢ < . Then for every term t we have the following properties:

SN(t, —ndg) < SN(t,—;) = SN(t, =) < SN(t,—g5)
(8 (8 ) I
SN(t,Snag)  SN(E, 50 SN(,%5in)  SN(t,5,s)
3 3 (3 (3
WN(t, Sh40)  WN(ES)  WNE-S)  WN(ES,s)
(8 (8 (2
WN (£, —ndg) < WN(t, —;) <= WN(E, —s) = WN(t, —4s)

In this diagram the equivalences in the first line are Theorem 9 and Corollary
22; the vertical equivalences involving —;~ follow from Theorem 21. All other
implications and equivalences are immediate from the definitions. For none of
the implications the converse holds as is easily checked by considering the term
a w.r.t. the two rules a — a,a — b and the term f(a) w.r.t. the two rules
a — a, f(x) — b, for various orders of the rules and deterministic instances. A
remaining question is whether WN(¢, —,44) and WN(¢, —,-) are comparable.
They are not, as follows from the following examples. Let the TRS consist of the
rules a — a, f(z) — g(z,z) and g(z,y) — b and let > be empty. Then we have
WN(f(a), —¢>) but not WN(f(a), —nag). Conversely, let the TRS consist of the
riles £(z) — g(2), f(z) — h(z), 9(9(x)) — glg(x)) and h(h(x)) — h(h(x)).
Then f(f(x)) —; g(h(z)) and f(f(z)) /4~ g(h(z)) for any order >. Hence
both WN(f(f(x)),—:) and WN(f(f(z)), —ndg) hold, while for no order > on
the rules WN(f(f(z)), —¢>) holds.
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For non-root-overlapping TRSs we proved that termination of —, and —;

are equivalent. As an open question we leave whether in this claim the condition
of being non-root-overlapping can be weakened to confluence.
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Abstract. This paper shows that the suitable orderings for proving in-
nermost termination are characterized by the innermost parallel mono-
tonicity, IP-monotonicity for short. This property may lead to several
innermost-specific orderings. Here, an IP-monotonic version of the Re-
cursive Path Ordering is presented. This variant can be used (directly
or as ingredient of the Dependency Pairs method) for proving innermost
termination of non-terminating term rewrite systems.

1 Introduction

Rewrite systems are sets of rules used to compute by replacing an instance of
the left-hand side of a rule (redex) by the corresponding instance of the right-
hand side. The replacements are repeated until a term with no redex (normal
form) is eventually reached. Every replacement (rewriting step) involves a non-
deterministic choice of both, the redex and the rewriting rule to be applied.
Hence, in general one can produce an infinite number of rewriting step sequences
started on the same term. A term rewrite system (TRS) is terminating if it has
no infinite rewriting sequence.

A common way of restricting the number of rewriting sequences to be in-
spected when searching for a normal form is to use a rewriting strategy. A TRS
can be terminating under a specific strategy whereas not in general. The termi-
nation proof for a strategy may be easier and weaker conditions for modularity
can be applied. Moreover, for some classes of TRS, proving termination under a
particular rewriting strategy suffices for ensuring general termination. Therefore,
it turns out to be very important to develop techniques for proving termination
of rewriting under strategies.

One of the most commonly used rewriting strategies is the innermost one, in
which only innermost redexes are reduced. This strategy corresponds to the “call
by value” computation rule of programming languages and enjoys all the afore-
mentioned advantages. Therefore, studies on properties of innermost rewriting
are useful for program verification.
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The first and most successful technique for proving innermost termination of
rewriting was the Dependency Pairs method (DP) [1]. In [20], the size-change
principle for functional programming [14] was adapted in order to prove inner-
most termination of rewriting. Moreover, it was combined with DP, obtaining
the best of both methods. Other approaches are described in [4, 8, 19]. All these
methods are used with general purpose orderings as ingredient, like the Recur-
sive Path Ordering (RPO) [6, 12], the Knuth-Bendix Ordering and polynomial
interpretations over the reals [3, 15].

In this paper, we study the relationship between innermost termination and
well-founded orderings. Stability and monotonicity (which are always required
for termination proofs) can be relaxed for termination of this strategy. In in-
nermost rewriting only normalized substitutions are considered. Moreover, very
recently it was shown that for innermost termination some monotonicity require-
ments can be discarded for some function symbols [7]. Here we provide a different
approach for relaxing the monotonicity. Our approach was obtained by noting
that innermost normalization and termination of the innermost parallel rewrit-
ing strategy are equivalent [18]. The latter strategy reduces all innermost redexes
of a term at the same time. Therefore, for innermost termination we need to de-
mand monotonicity only after each maximal parallel innermost rewriting step.
We call this property IP-monotonicity and we show that the suitable orderings
for direct innermost termination proofs are IP-monotonic. Another characteriza-
tion for innermost termination is obtained by combining the innermost parallel
relation and DP. As consequence, an innermost termination criterion relying on
IP-monotonic quasi-orderings instead of IP-monotonic orderings is also obtained.

IP-monotonicity may lead to new, practical and innermost-specific orderings.
In particular, we present an IP-monotonic version of the RPO, called the inner-
most RPO (iRPO). Its practical application is shown by means of examples.
We also show that, for non-overlaying TRSs, the non-strict version of iRPO is
an [P-monotonic quasi-ordering. Thus, it can be used as ingredient of DP and
effectively combined with the argument filtering method [1, 13].

The rest of the paper is organized as follows. In Section 2 we introduce basic
notions and notations. In Section 3 we characterize innermost termination in
terms of IP-monotonic (quasi-) orderings. Section 4 is devoted to iRPO and the
stability issue.

2 Preliminaries

We assume familiarity with the basics of term rewriting termination (see e.g. [2]).

The set of terms over a signature F is denoted as 7 (F, X), where X repre-
sents a set of variables. Variables are denoted with the letters x, y, z while s, ¢, u
(possibly with subscripts and apostrophes) denote terms. The arity of a func-
tion symbol f is denoted as ar(f). The symbol labelling the root of a term ¢ is
denoted as root(t). The notation ¢ will be ambiguously used to denote either the
tuple (t1,...,t,) or the multiset {t1,...,¢,}.

We assume positions within terms represented by sequences of positive inte-
gers, ordered by the prefix ordering. Positions are denoted with the letters p, ¢
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(possibly with apostrophes) while for integers we use 1, j, k. The root position is
denoted by A and p.q denotes the concatenation of p and ¢g. The set of positions
of a term ¢ is Pos(t). The subterm of t at position p is denoted as t|,. The sub-
term relation denoted as t>t[, in case of p > A. The term ¢ with the subterm at
position p replaced by s is denoted as t[s],. Occasionally, we use ¢[s] to indicate
that s is subterm of t.

We say that binary relation > is compatible with another binary relation =
if ey 7 €] = e 7 ey implies e; > ez. We call (7, >) a compatible pair if -
is well-founded and 7 o > C > or = o = C > [13]. The syntactic equality is
denoted as =.

Let > be an ordering on terms and let ~ be an equivalence relation compatible
with . The lexicographic extension =** of = wrt. ~ for n-tuples is defined as
(81,0 y8n) =% (t1,...,tn) iff 1 ~ t1,...,8,_1 ~ t)_1 and s, = t for some
k € {1...n}. The extension of ~ to multisets, denoted as ~™% is the smallest
relation s.t. ) ~™% () and S U {s} ~™ S" U {t} if s ® t A S =™ §' The
extension of > to multisets w.r.t. ~ is defined as the smallest ordering >="" s.t.
MU {s} =" NU{ty,...,t,} if M ~™" N and s = t; foralli € {1...n}.

A TRS over F is denoted as R. The defined symbols of R are D = {root(l) |
Il —r e R}. A rewriting step with R is written as s —x t. The notation —x
is used for a rewriting step at position p # A\. We omit the subscript R whenever
is clear from the context.

A TRS R is terminating if — is well-founded, i.e. there is no infinite sequence
$1 — S2 — ... (sometimes denoted as s; —°). Alternatively, R is terminating
iff all its rules are included in a reduction ordering [16]. One of the most popular
reduction orderings for proving termination is the Recursive Path Ordering [0]
which is defined below. RPO uses a precedence and can be adapted for dealing
with statuses as proposed in [12].

Definition 1. A precedence > x is an ordering on F compatible with an equiv-
alence relation ~gz. Let {Lex, Mul} be a partition of F called statuses of F.
The precedence =x is compatible with the statuses of F if f ~x g implies that
both f and g belong to the same part, either Lex or Mul.

Definition 2. Let =5 be a precedence over F compatible with the statuses
{Lex, Mul}. Then s = f(3) =rpo t if one of the following conditions holds:

1. 8" =rpo t o1 8" Rppo t, for some s’ €5

2.t=g(t), [ =7 g and s =po t' for allt' €t

. t=g®), f=rg, [ € Frex, 5 (=rpo)' t and s = t', for all t' € ¢,
4. 1= g(f), f=~rg, [ € Frpuw and s (}Tpo)mul t,

where s ~ppo t iff s =1 or one of the following conditions holds:

(a) root(s) =z root(t), root(s) € Frey and $1 Rypo t1,. ..y Sn Rypo tn,
(b) root(s) =z root(t), root(s) € Fapur and 3(=pe) ™ "E,

Theorem 1. [12] =, is a reduction ordering compatible with the congruence
relation 2 po.
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Given a TRS R, f(¢,...,t,) is said to be argument normalized w.r.t. R if for

all k = 1...n, tg is in normal form w.r.t. R. A pair (s,t) is said to be argument
normalized if s is so. A normalized substitution o is s.t. zo is in normal form w.r.t.
R for all € Dom(o). An innermost redex is an argument normalized redex. A
term s rewrites innermost to t w.r.t. R, written s —; ¢, iff s — ¢ at position p
and s|, is an innermost redex. It is said that R is innermost terminating if —;
is well-founded.
Ezample 1. The system R = {g(z,y) — x,9(x,y) — y, f(0,1,2) — f(z,z,x)}
was given by Toyama for proving that termination is not modular for disjoint
unions of TRS [21]. This illustrative example has the infinite rewriting sequence:
£(0,1,9(0,1)) — f(g(0,1),9(0,1),9(0,1)) = £(0,1,¢(0,1))... However, every
innermost rewriting sequence is terminating.

A TRS R is innermost confluent if —; is confluent. We say that R is non-
overlaying if there are no two different rules (after renaming variables so that
both rules have distinct variables) having unifiable left-hand sides. If R is non-
overlaying, then it is innermost confluent.

3 Characterizing Innermost Termination of Rewriting

In this section we focus on innermost termination, trying to characterize it by
means of orderings. The basic idea to achieve this is the fact that all innermost
redexes of a term ¢ are in pairwise disjoint positions and moreover, all must be
rewritten before reaching a normal form. Hence, if ¢ can be normalized using the
innermost strategy, all its innermost redexes can be reduced simultaneously by
the parallel innermost strategy [17].

Definition 3. A term s is reduced innermost in parallel to t w.r.t. R, written
s i t, iff s 5 t and either s —; t at position X or s = f(5), t = f(I) and for
all k =1...|3| either si, =i ti or sg =ty is a normal form.

It is easy to see that when s —{}»; ¢, ¢ can be obtained by consecutive one-
step reductions of all innermost redexes in s. For instance, using the TRS of
Example 1 we have f(g(0,1),9(0,1),¢(0,1)) 4; f(0,1,0). The innermost par-
allel rewrite relation is not only included in the transitive-closure of the inner-
most rewrite relation but it also characterizes innermost termination. The latter
follows from Krishna Rao’s contribution concerning the selection invariance for
innermost normalization [18]. That is, the choice of innermost redex to be re-
duced at any step is irrelevant for innermost termination. Thereby, if a TRS
is innermost normalizing under a particular strategy then it is innermost nor-
malizing under any other strategy. In order to prove this fact, an oracle based
reasoning was used. The following theorem provides a simpler proof for the same
result.

Theorem 2. A TRS R is innermost terminating iff —; is terminating.

Proof. The left-to-right implication is trivial. For the other direction, it is enough
to prove that, for any infinite rewriting sequence s —° there exists an alternate
derivation s —; s —%°.
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First, we show that given a derivation s i, t where t is argument normalized
there exists an alternate derivation s -; s’ =, t, and we do it by structural

induction. If the first rewrite step in s ii t is at position A, then this derivation
is already of the form s +f+; s’ =5, t. Otherwise, either there is no rewrite step
at A or the first step at A is on an argument normalized term obtained from
s by at least one rewriting step. In any case, the original derivation is of the

form s = f(5) i x f(E) 5 t, where f(f) is argument normalized and every

Sk € § is either a normal form and we call s;C = Sj, OT S i>i tr and by induction
hypothesis sy ; s}, —; tx. Therefore, s = f(5) < f(s') i t, as desired.
Now, given a derivation s —2°, we show that there exists an alternate deriva-
tion s 4f; ' —%° by structural induction. If the first rewrite step is at A position,
the result trivially holds. Otherwise, if there is some rewrite step at A, then this
derivation is of the form s in- t —2° where t is argument normalized, and by our
previous statement, there exists an alternate derivation s 4f-; s’ —F t —2°, and
the result holds. If there is no rewrite step at A in s —$°, then s is of the form f(3)
and for some s; € 5, say s;, there exists an infinite rewriting sequence s; —¢°.

By induction hypothesis, there exists an alternate derivation s; 4; s —8°.

1
For the rest of s;’s, either s; is a normal form and we call s}, = s, or a par-
allel innermost rewriting step can be applied on sg, i.e. si —f+; s}, for some s}
Therefore, there exists an alternate derivation s = f(8) -, f(s’) —%°, and the

result follows. O

This theorem leads us to define the innermost parallel monotonicity, IP-
monotonicity for short, directly from —; .

Definition 4. A binary relation - is IP-monotonic w.r.t. « TRS R iff i C>-.

The IP-monotonicity hides a weak kind of stability and monotonicity. This
can be seen in the next lemma, which is a straightforward conclusion from Def-
inition 4.

Lemma 1. A binary relation = is IP-monotonic w.r.t. R iff

— lo=ro for alll — r € R and substitution o s.t. lo is argument normalized
and

— 5§ i t implies f(3) = f(t) for all f € F.

Using this lemma is easy to see that any transitive, monotonic and stable
binary relation including R is also in-monotonic w.r.t. R. Therefore, reduction
orderings suffices for innermost termination. However, termination of this strat-
egy is indeed characterized by IP-monotonic and well-founded orderings.

Theorem 3. A TRS R is innermost terminating iff there is a well-founded
relation > which is IP-monotonic w.r.t. R.

Proof. The left-to-right implication can be easily shown by taking —T—lr—n . For
the converse, if R is not innermost terminating, by Theorem 2, there exists an
infinite rewriting sequence s; 4f; s2 4, .... By IP-monotonicity of > w.r.t.
R, s1 = S2 = ..., contradicting the well-foundedness of . 0O
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In the context of DP, innermost termination was characterized through the
use of chains. Given a TRS R, (f(5), g(t)) is a dependency pair of R if f(5) —
ulg(f)] € R and g € D.! The set of all dependency pairs of R is denoted as
DP(R). A sequence of dependency pairs S = (s1,t1) (s2,t2) (s3,t3)... of R is
an innermost R-chain if there is a substitution o s.t. for all j > 0, s;0 is argument
normalized and ¢;0 5 sj+10 holds. A TRS R is innermost terminating iff there
is no infinite innermost R-chain [1].

Since in every innermost R-chain s;o is argument normalized , by the proof

*

of Theorem 2, we have tjo —; s;y10, for all j > 0. Therefore, the parallel
innermost relation can also be used for characterizing innermost termination by
means of chains. Furthermore, we can use a compatible pair (7, >) s.t. 7 is
IP-monotonic w.r.t. R.

Theorem 4. A TRS R is innermost terminating iff there is a compatible pair
(z,>) s.t. z is IP-monotonic w.r.t. R and so = rto for all (s,t) € DP(R) and
substitution o s.t. so is argument normalized.

Proof. For the right-to-left direction suppose R is not innermost terminating.
Then, there is an infinite innermost R-chain (s1,¢1) (s2,t2) (s3,t3)... and a

substitution o s.t. for all j > 0, s;o is argument normalized and t;o ~; s;110.

Since tjo —f; sjr10 and ZZ is IP-monotonic, we have t;jo (2 U =) sj110.
Besides sjo > tjo holds by assumption. Hence, seeing that 7 o = C > or
= o =~ C >, we obtain the infinite sequence s10 > $30 = s30 > ... which
contradicts the well-foundedness of .

For the left-to-right direction we take == = = = (—; U >)T. Clearly, =
o = C », > is IP-monotonic w.r.t. R and orients DP(R). Finally, when R is

innermost terminating, %., is a monotonic and well-founded ordering and thereby
(—; U )T is also well-founded. 0

4 An Example of IP-Monotonic Ordering

Multiset extensions have been used for defining successful reduction orderings
like RPO and MSPO [5]. This is because they preserve suitable properties like
irreflexivity, transitivity, stability and well-foundedness. Besides, every ordering
> is monotonic on =" in the sense that s > t implies {81,y 8, ..., Sn} -l
{81,...,t,...,8p}. Once the terms of a multiset are rewritten with —b>; w.r.t.
a TRS R, all reducible terms decrease w.r.t. every IP-monotonic ordering >
whereas normal forms remain untouched. Therefore, the original multiset also
decreases w.r.t. =™% . Even more, the comparison with =™% still holds if we
remove all multiple occurrences from the original and the reduced multisets.

! The original notion of dependency pair is (f(§),§(ﬂ) where f and § are marked (or
tuple) symbols associated to f and g resp. This renaming allows to apply a different
treatment to function symbols when they appear on top of dependency pairs. We
have chosen the unmarked version for simplicity but using the marked version does
not affect our results.
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Based on this fact we adapt (actually extend) RPO for proving innermost ter-
mination. This is achieved just by adding a new status Fs.; which allows certain
terms to be compared using the set (instead of the multiset) of their arguments.
The new ordering is the first which is innermost-specific; therefore we call it the
innermost Recursive Path Ordering. Its definition can be formulated either by
cases like RPO or by transformation, i.e. first we eliminate repetitions and then
compare with RPO. The latter alternative provides an elegant definition and
straightforward proofs for iRPO’s properties.

Definition 5. Given Fser C F, the transformation ¢ over T (F,X) is defined as

—dx)=uz,ifxeX

= O(f(s1,--580)) = f(P(s1),- ... @(sn)), if f & Fset

— otherwise ¢(f(s1,...,5n)) = f(&(sj,), ..., ¢(8;,.)) where j1 < ... < jm, are
the j’s in {1...n} s.t. s # s; for all k < j. In other words, the tuple
(Sjy ---8j,,) s just (s1...syn) after removing repetitions from left to right.

Given an RPO ordering >=,po and Fset C Faqul, the corresponding >irpo order-
ing is defined as s =irpo t iff G(S) =rpo O(t). If ~ppo is the equivalence relation
corresponding to =ypo, then Rirpo is defined as s Rirpo t iff ¢(8) Rrpo ¢(t). The
union of =irpo and Xirpo s denoted as Zirpo-

Note that after applying ¢, some symbols in Fs.; may become varyadic. Be-
sides, repetitions are removed before applying ¢, not later. For example, if Fse; =
{h, g}, 6(h(g(a,b,b,a), gla,b,c,b). gla,b.b,c)) = h(gla,b), gla,b,c), gla,b,c)).
Although ¢ removes repetitions from left to right, any other fixed order would
give the same definition of >;,.,, and ~,,, above. Clearly, the transformed terms
might be different (for instance, choosing the right-to-left order ¢(g(a, b, ¢,b)) =
g(a,c,b)). But this is irrelevant since the multiset comparison is used for com-
paring the affected arguments.

The following proposition is a direct consequence of the definition of ~;po,
=irpo and Theorem 1.

Proposition 1. >, is a well-founded ordering compatible with the equivalence
relation ~jppo-

Now, we show that if the set of argument normalized instances of a TRS R
can be oriented using iRPO then the ordering is IP-monotonic w.r.t. R. There-
fore, by Theorem 3 and Proposition 1, it can be used for proving innermost
termination.

Theorem 5. ., is IP-monotonic w.r.t. a TRS R iff lo =irpo 70, for every
rule | — r € R and substitution o s.t. lo is argument normalized.

Proof. The left-to-right implication follows by definition of IP-monotonicity. For
the other direction we need to show that s -»; ¢ implies s >;p, t. By assump-
tion, s >;rpo t whenever s --; t at position A. Otherwise s = (), t = f(f) and
for all k € {1...]5|} either s = t; is a normal form, or s; —; t; and using
structural induction we have s; >;rpo tj, and hence ¢(s;) >rpo ¢(t;). Moreover,
for some k € {1...]5]}, sx is not a normal form, and consequently s; >=irpo tk
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and ¢(sg) =rpo @(tx). Now, if f ¢ Fser, then s =0 t by monotonicity and
transitivity of >,,,. Otherwise, let ¢(s) = f(sh,...,s0,), o(t) = f(t],....t)).
Moreover, let S, T and S’ be the multisets {s},...,s},}, {t},...,t,} and §' =
{o(sk) | k€ {1...]8]}, sx is a normal form w.r.t R}2 respectively. Then S" C S,
S’ C T and for all v € T'— S’ there is some u € S — S’ s.t. u >=,po v holds by
induction. Therefore, {s},..., s, } =™ {¢ ... '} by definition of the multiset

Tpo

extension, and ¢(s) >=,po ¢(t) holds. O

Ezample 2. Toyama’s TRS (see Example 1) can be shown innermost terminating
using iRPO. For the first two rules, g(z,y)o >rpo zo and g(x,y)o >=rpo yo hold
by case 1 for every substitution o. Moreover, every instance of the last rule can
be oriented by defining Fset = Faru = {f}. Note that depending on the value
of zo we have the following situations, all of them holding by case 3.

1. if zo = 0 then ¢(f(0,1,2)0) = f(0,1) =rpo f(0) = ¢(f(x, 2, x)0),
2. if zo =1 then ¢(f(0,1,2)0) = f(0,1) =rpo f(1) = o(f(z,2,2)0),
3. otherwise o(f(0,1,z)0) = f(0,1,20) =rpo f(x0o) = &(f(z,2,2)0).

Since the transformation ¢ unites duplicated arguments, other Toyama-like
examples can be included in iRPO (e.g. [, Examples 5.2.3,5.2.13,5.2.14]). When
such multiple occurrences appear at top level, the techniques for cancelling cycles
in the estimated innermost dependency graph [1, 4, 9] also handle many of these
systems. However, as the next example shows, the latter does not hold in general.

Ezxample 3. The next TRS is a more complex variant of Toyama’s example.

[z, z,y) — ()
h(z) —
Ri=1q h(f(z,y 2 ))—>f(zzy)
h(f(x,y,2)) = f(y,y,x)
e(f(0,1,2),2) — c(f(z,2,x), h(z))

This system has the following infinite sequence (the redex used in each rewrit-
ing step appears underlined):

c(f(0, 1, h(f(0,1,0))), h(f(0,1,0))) —

c(f(h(£(0,1,0)), h(f(0,1,0)),h(f(0,1,0))), h(h(f(0,1,0)))) —
c(f(f(1,1,0), A(f(0,1,0)), A(£(0,1,0))), A(h(f(0,1,0)))) —
c(f(f(1,1,0), £(0,0,1), h(f(0,1,0))), h(h(f(0,1,0)))) —
C(f(f(17 170)7f(0707 1)7h(f(07 170)))7 h(f(()? 170))) -
c(f(h(0), f(0,0,1),h(f(0,1,0))), h(£(0,1,0))) —
C(f(07f(07071)7h( (07]‘7 )))7h( (07 ? ))) -

(0, h(1), h(£(0,1,0))), h(f(0,1,0))) —

c(£(0,1,h(£(0,1,0))), h(f(0,1,0))) —

2 We construct S’ by selecting just one occurrence of every normal form in 5. Note
that S, T and even S’ may have repeated elements, because ¢ is not injective.
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However, R; is indeed innermost terminating. Proving this fact automatically
is hard to obtain with the existing methods. Obviously, no termination tech-
nique can be used in this case. Furthermore, the estimations for the innermost
dependency graph do not cancel the problematic cycle corresponding to the last
rule. The use of polynomials with negative coefficients has been proposed for

innermost termination proofs [1, 7]. But the practical results concerning the
automated generation of such polynomials are still few, and for instance the
method described in [11] cannot be applied to this system.

Nevertheless, innermost termination of R; can be proved using iRPO with
Fset = Fprut = {[}, Frex = {c} and the precedence ¢ =z h and f =x h. Every
instance of the first rule decreases by case 2. For the next three rules, lo >;p, 70
holds by case 1, for every substitution o (note that f(x,y,2)0 Zirpo [(2,2,y)0).

Finally, considering the situations of the previous example the last rule is easily
oriented using case 4.

4.1 Innermost Stability for iRPO

Theorem 5 is not suitable for automation since one has to check infinitely many
instantiation of the rules. Hence, though stability is not necessary for innermost
termination, it is always a desirable property when proving termination.
Unlike RPO, iRPO is not stable. The problem comes from the fact that two
different terms can be equal after applying a substitution. Thereby, in general
@(so) # ¢(s)o when s>t and root(t) € Fse. For example, for Fse = {f}
and o = {y — x} we have ¢(f(c(x), c(y))o) = f(e(x)) # S(f(clx),c(y))o
f(e(x),c(x)). Due to this =;p, is not stable. For example, f(c(z),c(y)) >irpo
fle(z), e(x)) and f(c(z), c(y)) =irpo f(x,c(zx)) hold but do not after applying the
former substitution. Note that ¢(f(c(x),c(y))o) = f(c(x)) = o(f(c(x), c(x))o)
and ¢(f(c(x), c(y))o) = f(c(x)) Frpo f(x;c(x)) = ¢(x, f(c(x))o).
Definition 6. The problem of iRPO stability is defined as follows.

Instance: two terms s and t, a term rewrite system R, and an iRPO ordering
>'7lrpo-

Question: Is so > to for any substitution o such that so is argument nor-
malized?

As we will see, this problem is co-NP-complete. The following algorithm non-
deterministically decides the complement of the iRPO stability problem, i.e., if
there exists a substitution o such that so is argument normalized and so #iypo to
for given terms s and .

Algorithm 1

1. Let B, € {(3,7) | 1 <i < j < ar(root(s|,))} be an selection of pairs for
every position p € Posz,., ().

2. Let o be the m.g.u. of the set of equations {s|,.; = s|,.; | p € Poszs,, (), (i,7)
€ E,}. Check if so is argument normalized w.r.t. R and so #;rpo to, and
give this result as output.
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Lemma 2. The Algorithm 1 non-deterministically decides the complement of
the iRPO stability problem.

Before giving the proof of the previous lemma, we will need the following two
technical results.

Lemma 3. Let o be the m.g.u. of a set of equations S. For every term s occur-
ring in S and for every position p € Posg(so), there exists a term s’ occurring
in S and a position p' € Posz(s') such that sol, = s'ol, .

Proof. This can easily be proved by induction on the number of steps of many
known unification algorithms. In those algorithms, the m.g.u. o is incrementally
obtained by, first, making o( to be the identity substitution. Then, at some step,
it is modified by an assignment of the form o, 1 := o;{x — to;}, where t is a
term occurring in S, xo; = x, and any variable y occurring in to; satisfies that
2 does not occur in yo;. It is not difficult to see that, if o; satisfies the condition
of the lemma, then ;41 does. O

Lemma 4. For every term s and substitution o we have ¢(s)p(c) Zrpo ¢(s0).

Moreover, if for every pair of positions p.i and p.j of s with p € Posgs,,(s) it
holds that (s|p.: = Slp.j) < (s]p.io = sp.;0), then ¢(s)p(o) = ¢(so)

Proof. Clearly ¢(s)¢(0) Zrpo ¢(so) holds since ¢(so) can be obtained from
#(s)¢(o) by eventually removing some subterms at positions below a symbol with
multiset status. Now, assume that for every pair of positions p.i and p.j of Pos(s),
it holds that (s|p.; = s|p;) < (s|p.io = s|pj0). Proving ¢(s)o(o) = ¢(so), is
equivalent to see that any position p.i with p € Posz,,,(s) satisfies that for all
jinl...i—1, s|p; = s|p. if and only if s|, jo = s|,;0 (i.e. the removing action
of ¢ coincides on s and so at positions in Pos(s)). But this is trivial by our
assumption. g

Now, we are ready to prove Lemma 2.

Proof. (Of Lemma 2) If the algorithm gives a positive answer, then it is clear
that there exists a substitution o (the one obtained by the algorithm) satisfying
that so is argument normalized and so % rpo to.

Hence, it remains to see that, if for some substitution o, so is argument
normalized and so 0 to, then there is a selection E, for every p € Posrs., ()
that produces a positive answer. The selection we need for every of such p’s is
E, ={(i,j) | solp.s = so|p.;}. Let ¢’ be the m.g.u. of the corresponding set of
equations S in the algorithm. We have that o = o’¢” for some o’ (since o is
an unifier of ), and that for all p € Poszs,,(s), so’|p.: = so’|,.; if and only if
s0'|p.ic” = so’|, ;0. Moreover, so’ is argument normalized since so’c” = so
is. It remains to see that so’ ¥ 0 to’, or, equivalently, that ¢(so’) ¥ po ¢(to”).
We do it by contradiction, i.e. assume that ¢(so’) >0 @¢(to’). By stability of
>rpo, it holds that ¢(so”)é(c”) =rpo ¢(ta")p(c”). By the first part of Lemma 4,
ot )p(0") Zrpo d(ta’a”) = ¢(to). If we could prove ¢(so’)p(0”) = ¢(so’c”)

3 Here, ¢ is adapted to substitutions in a natural way, i.e. x¢(c) = ¢(zo).
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then we would obtain ¢(so) =,p, @(to), and hence, so =;rpo to, which is a
contradiction with our assumption.

In order to prove ¢(so’)p(c”) = ¢(so’c”), we want to apply the second part
of Lemma 4. We already know that for all p € Poszg,,(s), so’|p.i = so’|p.; if and
only if so’|,. ;0" = so’|, jo”. It remains to see that this property extends to so’,
ie., for all p € Posgg,, (so’), so'|,.i = so’|,.; if and only if so’|,0” = so’|, j0”.
For this goal, it is enough to see that for any position p € Poszg.,(so’), there
exists a position p’ € Posgg,,(s) such that so’|, = so’|,,. But this is easy by
means of Lemma 3 as follows. First, note that if instead of considering the set of
equations S we consider S'U {s = s}, then ¢’ continues being the m.g.u. of this
set. Now, let p be a position in Posz,,,(so’). By Lemma 3, there exists a term
s in SU{s = s} and a non-variable position p’ in s’ such that so’|, = s'o’|,.
But this term s’ can be considered to be s, since all terms occurring in S are
subterms of s. O

Theorem 6. The iRPO stability problem is co-NP-complete

Proof. Since we have proved the correctness of the Algorithm 1, for seeing that
the complement of this problem belongs to NP, it only remains to see that
such an algorithm takes polynomial time. The selection F, for every p and the
corresponding set of equations need polynomial time. A most general unifier o
can be represented in polynomial space on the given set of equations by means
of DAG’s, and computed in polynomial time. Checking the irreducibility of so,
obtaining the DAG’s representing ¢(so) and ¢(to), and checking if ¢(s0) ¥rpo
¢(to) takes polynomial time as well.

For proving that the complement is an NP-hard problem we give a re-
duction from 3-SAT. Given an instance of 3-SAT with variables z7 ...z, and
clauses c; . . . ¢, we construct the following terms s and ¢ based on the signature
{h,f,9,9',0,1} where h and f have lexicographic status and arity 2, g and ¢’
have set status and arities 4 and 5 respectively, and 0 and 1 are constants. In s
and ¢ appear the (term) variables x1,...,2,,%1,. .., ZTn-

S:h( f(vlyf(DQ‘-‘7f(vn—177)n)"')) ) f(ulyf(UQ-~-7f(um—17um)"‘)))
t:h( f(/U?Uf(/U/Q"‘7f(v’:L717/U;”L)"‘)) ’ f(u/17f(u/27f(u/mfl7u/m))))

where v; = g(x;,7;,0,1), v, = g(x;, T7, x:,T;) and if ¢; is a clause with literals
Uiy, o, then w; = ¢/ (15, 1k, 15,0, 1) and u; = ¢’ (15, 1k, 15, 0,0).

Regardless the precedence, it is easy to see that there exists o satisfying
50 %irpo to if and only if the original 3-SAT problem is satisfiable. Note that,
since g € Fset, the term g(x;,T;,0,1)o is not greater than g(x;, T;, ;,T;)o only
if o assigns 0 and 1, or 1 and 0, to the variables z; and T;, respectively. Besides,
the term ¢'(l;, 1k, lo,0,1)0 is not not greater than ¢'(l;,lx,,,0,0)0 only if o
satisfies every clause ¢; with literals [;, I, and [l,. By considering an empty R
the result follows. a
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4.2 Using iRPO for DP

In general, the compatible pair (Zirpo, =irpo) cannot be used for proving inner-
most termination with DP. This is because Zirpo is not IP-monotonic w.r.t. an
arbitrary TRS R. Unlike iRPO, the latter holds even if 7Z;.,, orients every rule
instance whose left-hand side is argument normalized. Note that after an inner-
most parallel step, it may happen that an occurrence of a duplicated argument of
a symbol in Fgse; decreases w.r.t. >, while another occurrence remains equal
w.I.t. Rjrpo. Hence, the corresponding set of arguments may neither decrease
w.r.t (>—irpo)m“l nor remain equal w.r.t. (%irpo)m“l.

As an alternative, we may combine the argument filtering technique [1, 13]
with >;.p0 in order to obtain a compatible pair. An argument filtering over
a signature F is a function 7 s.t. for all f € F, either 7(f) € {1...ar(f)} or
m(f) C{1...ar(f)}. It induces a mapping from 7 (F, X) to 7 (F,, X) as follows:

m(z) ==x if vek
7T(f(t1,,tn)) :ﬂ-(tl) Zf 7T(f) :Za
ﬂ-(f(th s 7tn)) = f(ﬂ-(til)7 s 77T(tim)) Zf ﬂ-(f) = [ila B ZmL
where [i,...,%,| denotes an ordered set and F, consists of all symbols f s.t.

7(f) is a set (the arity of every f € Fr is |n(f)|). Given a set of pairs P, n(P)
denotes {(n(s),n(t)) | (s,t) € P}.

Given a binary relation >, the relation > is defined as s >, t iff w(s) = w(t).
It not difficult to see that when > is monotonic (resp. stable) we have that
s > t implies u[s] = u[t] (resp. so =, to). Therefore, this method has been
used for obtaining a monotonic quasi-ordering from a monotonic ordering while
preserving stability and well-foundedness.

The iRPO ordering is already defined via a transformation: s >;.p, t iff
&(8) >rpo ¢(t). Hence, two possibilities seem natural to be considered for com-
bining it with an argument filtering 7: we can compare two terms s and t by
either ¢(7(s)) =rpo O(7(t)) or m(¢(s)) >rpo T(P(t)). Applying m before ¢ does
not work well. An argument filtering might transform a redex into a filtered nor-
mal form. Hence, since the transformation ¢ removes duplicated arguments, some
innermost parallel reductions might be lost, i.e. it might happen that s ;¢
but 7(s) # m(t). The next example illustrates this situation.

Ezxample 4. The following non-overlapping system is not innermost terminating.

h(0) — 0
RQ = h(l) — 1
f(0,1,h(2)) — f(h(0), h(1), h(2))

If we remove the argument of h then we obtain the ordering constraints
h>=0,h>1,f(0,1,h) = f(h,h,h). These constraints are satisfied by >, with
Fset ={f}, h =7 0and h >7 1. Therefore, one could falsely prove (innermost)
termination of Rs.

Note that f(h(0),h(1),h(2)) = s i t = f(0,1,h(2)) and even s =;p, t but
since {h} #7% {0,1,h}, we have f(h,h,h) = 7(3) Firpo 7(t) = £(0,1,h).

irpo
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Hence, we consider the other possibility, i.e. to apply the transformation ¢
before the filtering 7. In this case, it is natural to demand that 7w does not
affect the symbols in Fser (ie. w(f(t1,...,tn)) = f(w(t1),...,7(tn)), for all
f € Fset), since some arguments might be previously removed by ¢. In general,
this approach does not work either.

Ezample 5. The TRS R3 = {a — b,a — ¢, g(c) — d, f(g(b),d) — f(g(a),g(a))}
is not innermost terminating. But taking Fse.: = {f}, 7(g) = 0 and the prece-
dence a =7 b,a =F ¢,g =5 d, we have m(¢(R3)) C >,po. Hence, one may
erroneously conclude R3 is innermost terminating.

Nevertheless, for non-overlaying TRSs this approach indeed yields the de-

sired result. Non-overlayingness is not a very restrictive condition for a TRS in
the context of innermost rewriting. This strategy corresponds to the usual be-
havior of programming languages, where arguments are fully evaluated before
applying a function. If a program is deterministic, which is the usual situation,
then it corresponds to a non-overlaying system. Besides, this family of TRSs
includes non-overlapping ones for which termination and innermost termination
coincide [10].
Definition 7. Let =,,, be an RPO ordering with Fset € Faw and m be an
argument filtering over F — Fser. The corresponding >irpo,~ ordering is defined
as 8 =irpor tUf T(A(8)) =rpo T(D(t)). If ~rpo is the equivalence relation corre-
sponding to =,po, then Nippo  is defined as s Rippo,r t iff T(D(8)) Xrpo m(H(L)).
The union of >irpo,x and Rirpo x 15 denoted as Zirpo,r-

The next proposition follows directly from Proposition 1 and Definition 7.

Proposition 2. ;.0 is a well-founded ordering compatible with the equiva-
lence relation ~iypo .

Now, we prove the IP-monotonicity of Zirpo -

Theorem 7. Let R be a non-overlaying TRS. If lo0 Zirpo.r T, for every rule
I — r € R and substitution o s.t. lo is argument normalized then Zirpor is
IP-monotonic w.r.t. R.

Proof. We need to show that s 4, ¢ implies s Zirpo,» ¢, and we prove it by
induction on the size of s. If this rewrite step is at position A the result trivially
follows. Otherwise, s = f(5),t = f(¢) and for all k = 1...|5|, either sy is a normal
form and ¢ = sg, or sy —b>; ¢ and by induction hypothesis sk Zirpo,x tr. Now,
when f ¢ Fser, if w(f) is either the empty set or a natural number the result is
trivial; otherwise s Zirpo,» t is obtained using monotonicity and transitivity of
Zrpo- In case of f € Fset, first note that, by non-overlayingness, if s; = s, then
t; = t;. Therefore, if for some ¢;, all the ¢;’s with j < ¢ are different from ¢; (and
hence ¢; is not removed by the transformation ¢) then, all the s;’s with j < i are
different from s;. As consequence, to every element in ¢(f) we can associate a

distinct element in ¢(5) that is greater w.r.t. Zirpo =, and hence, s Zirpo,» t. O

Combining Theorems 4, 7 and Proposition 5 we have that, for non-overlaying
TRSs, the compatible pair (Zirpo s =irpo,x) can be effectively used for innermost

~

termination proofs with DP.
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Corollary 1. A non-overlaying TRS R is innermost terminating if

— 10 Zirpox 7o for all 1 — r € R and substitution o s.t. lo is argument
normalized and

— 80 >irpo.r to for all (s,t) € DP(R) and substitution o s.t. so is argument
normalized.

Finally we point out that Algorithm 1 for the iRPO stability problem can
be easily adapted for checking if lo ZZirpo,» 70, for every substitution o s.t. lo is
argument normalized.

5 Conclusions

In this paper we introduce the first syntactical ordering which can be used for
proving innermost termination of non-terminating TRSs. The ordering is a vari-
ant of the most popular reduction ordering, RPO, and we call it the innermost
RPO. The iRPO was obtained by considering, for some function symbols, sets
instead of multisets of arguments. Hence, it is specially recommended for deal-
ing with duplicated arguments in right-hand sides. The use of sets entails non-
stability as drawback. However, for the (quasi-) orderings presented here, the
problem of checking stability is decidable and co-NP-complete. The algorithm
for doing this checking considers those m.g.u. which duplicate arguments in left-
hand sides. But usually there are not many of such arguments. Therefore, we
think that in many practical situations the stability of iRPO can be computed
efficiently.

The iRPO enjoys a property, called IP-monotonicity, which is essential for in-
nermost termination. This property demands monotonicity just after each (max-
imal) parallel innermost rewriting step. We believe that this weaker condition
might be useful for defining other innermost-specific orderings.
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In my poor, lean lank face
nobody has ever seen
that any cabbages were sprouting.

~Abraham Lincoln

Abstract. A convenient method for defining a quasi-ordering, such as
those used for proving termination of rewriting, is to choose the min-
imum of a set of quasi-orderings satisfying some desired traits. Unfor-
tunately, a minimum in terms of set inclusion can be non-existent even
when an intuitive “minimum” exists. We suggest an alternative to set
inclusion, called “leanness”, show that leanness is a partial ordering of
quasi-orderings, and provide sufficient conditions for the existence of a
“leanest” ordering.

1 Introduction

Well-founded partial orderings (admitting no infinite strictly decreasing sequen-
ces) are the standard tool for proving algorithm termination. States of the pro-
gram are assigned values in the underlying set, such that program steps always
result in a decrease in the ordering, thereby establishing termination. Quasi-
orderings (reflexive-transitive binary relations) are often more convenient for
this purpose than partial or total orderings: the ordering on states induced by a
partial ordering of values is in fact a quasi-ordering. In this paper, the unqualified
term “ordering” will always refer to a quasi-ordering.

A non-empty set of quasi-orderings can be defined by a set of conditions (such
as weak-monotonicity and weak-subterm for quasi-simplification orderings); then
we can identify a particular, ideal ordering by choosing the minimum ordering in
the set. Unfortunately, at times, a set of orderings will have no minimum in the
usual set-theoretic sense of minimum. (One example where there is a meaningful
such minimum may be found in [7].) Accordingly, this paper suggests a more
general definition of “minimum” which often leads to a unique ordering that is
intuitively the desired minimum ordering.
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The notion of “leanness” defined here embodies a preference for thinness
of quasi-orderings near their bottom. By “thinness” we mean that equivalence
classes are smaller. Our definition is especially useful when defining orderings by
incrementally adding constraints. Investigations of alternate choices of partial
orderings for rewriting include [3-5], which are regarding multiset orderings. A
classification of some string orderings appears in [6].

We begin with a motivating example. Then, in Section 3, we define the lean-
ness relation. This is followed by a section devoted to conditions guaranteeing
the existence of a leanest ordering. Section 5 illustrates the ideas with an ex-
ample of a leanest (lexicographic-path-ordering-like) tree ordering. We conclude
with a brief discussion.

2 A String Example

As usual, a quasi-ordering A may be viewed as a set of ordered pairs, where each
ordered pair is a comparison. We use & 34 y to denote (x,y) € A, a comparison
according to ordering A. As usual, z <4 y will denote x X4 y but not y <4 x. We
will also have recourse to denote comparable, but unequal elements by x 4 vy,
as short for © S4y or y Za x but x # y.

Consider a simple example of a set of conditions defining a set of quasi-
orderings. Let {2 denote the set of all quasi-orderings A of strings over Y =
{a, b, c} that satisfy all three of the following conditions:

l.eZaaZabZac
2. ifv Z4wand x X4y, then v 34 wy;
3. if v <4 w, then vx 4 wy,

for all strings v, w € X* and symbols z,y € X.

Intuitively it might seem that there should be a minimum ordering that
satisfies these conditions. In it, the empty string € would be the smallest element
followed by a, b and c in strictly increasing order. Following this pattern we can
enumerate a total “length-first lexicographic” ordering in the following fashion:

c<a<b<c<aa<ab<ac<ba<---

Ezxample 1. Let M be the above quasi-ordering, which may be defined as follows:
v 3w = m(v) < m(w),

where m is the homomorphism:

for any string w. a
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A natural definition for the minimum (or, “least defined”) ordering is the
minimum in terms of the subset relation: the ordering that, as a set of compar-
isons, is a subset of all other orderings in 2. Surprisingly, perhaps, M is not a
minimum of §2 in this sense. Furthermore, no such minimum in terms of subset
exists.

To see this, we consider another ordering which intuitively is greater than
M, but of which M is not a subset.

Ezxample 2. We make an intuitively less minimal ordering N by forcing a and b
to be equivalent. Like M, let € be strictly less than a and c be strictly greater
than b. The next equivalence classes in N are

{aa, ab, ba, bb}

followed (strictly) by
{ac,bc} .

Like M, we define the entirety of N with a mapping:
v 3y w = n(v) < n(w),

where n is the string-homomorphism:

n(e) =1,
n(wa) = n(w)2 ,
n(wb) = n(w)2
n(we) = n(w)2 + 1

for any string w.
This ordering N also satisfies all the conditions for bona fide membership
in Q. O

With a and b equivalent in N but strictly increasing in M, a more striking
difference between N and M is made possible. In N the string ac is strictly
greater than ba, since n(ac) = 5 and n(ba) = 4. However in M, ac is strictly
less than ba, since m(ac) = 11 and m(ba) = 12.

The following diagram displays comparisons for M, N, and any relation S
that is a subset of both M and N.

|M|N]S
alib |VIV]V
b Za || x|[/|x
ac 3 bal| /| x|x

We see that ac g ba must not hold even though a <g b holds. This means
that any ordering that is a subset of both M and N cannot satisfy the third
condition for membership in 2. Thus 2 cannot have an ordering that is the
subset-minimum (the minimum in terms of the subset relation).
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Nevertheless, intuitively, M is “more minimal” than N, since it omits the
inequality b = a. So, instead of comparing quasi-orderings in terms of the subset
relation, we propose an alternative: “leanness” of orderings. In this alternative
relation of quasi-orderings, M is in fact the “leaner” of the two. Both M and N
“start off” the same, with € < a, but then diverge with the comparison of a and
b. Whereas N has an equivalence class of a ~ b, M has only a. This is why M
is to be preferred.

In the next section, we formalize these observations to obtain a general defi-
nition of a “leanness” relation on quasi-orderings.

3 Leanness

The comparison of ac and ba in examples M and N proved problematic because
viewing comparisons outside the context of the comparisons around it results in
a “subset tie”. By taking into account what happens lower down in an ordering,
such ties can be avoided. The rationale is that the constraints that characterize
the family of orderings in question are typically inductive, for which reason the
ordering imposed on smaller elements ought to be more significant.

Instead of looking at comparisons by themselves, we want to work with a
construct that takes into account the position of the comparisons. For that pur-
pose, we need to extend the notion of an initial segment of a linear order to
quasi-orderings.

Definition 1 (Initial segments and super-segments).

1. A quasi-ordering A is an initial segment of a quasi-ordering B if B extends A
and everything smaller than an element of B that is non-reflexively ordered
in A is also smaller in A. In symbols:

A< B = A|Dom"A = B|Dom"A,
where Dom™ A :={z:3y. y Saz} and A| D :={{z,y) € A: ye D}.

2. An initial segment of B is a strict initial segment of B if it is not equal to
B, denoted A <1 B.

3. If A Q B, then B is a super-segment of A; it is a strict super-segment if
A #£ B.

4. We use I (B) to denote the set of all initial segments of B, and T () for all
the initial segments of members of €.

Proposition 1. For any quasi-orderings A and B,

1. Dom* (AU B) = (Dom* A) U (Dom™ B) ,
2. Dom* (AN B) C (Dom™ A) N (Dom™ B) ,
3. A C B implies Dom* A C Dom* B .

Proposition 2. For any quasi-orderings A and B and sets D and F,

1. (AUB)D=(A|D)U(B| D),
2. (ANB) | D=(A|D)n(B|D),
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3. Al (DUE)=(A|D)U(ATE),

4- AT (DNE)=(AID)N(A]E),

5 AC B implies A|DCB| D,

6. DC FE implies A]DCAJFE,

7. DCEand A|E=B | FE implies A|D=B]|D,
8. A (Dom™ B\ Dom" A) C B | (Dom" B\ Dom™* 4) ,
9. T(A) CZ(B) implies AC B .

Proposition 3. For all orderings A, T (A) is closed under union and intersec-
tion.

Proposition 4. The initial-segment relation < is a partial ordering of quasi-
orderings.

All orderings have the identity relation as a trivial initial segment. In the
case of M and N the first non-trivial initial segments differ: M has an initial
segment ordering ¢ strictly below a:

E<pa,

whereas N has an initial segment ordering ¢ strictly below the equivalence class
{a,b}:
c<ya~yb.

That M’s initial segment is a subset of N’s initial segment is the first indication
that M is leaner than N.

In the general case of arbitrary quasi-orderings A and B, there may be no
single “next” initial segment that marks the divergence between orderings A
and B. The key property however is of initial segments that are found in one
ordering but not the other.

We now have the building blocks necessary to define a “leaner” relation for
quasi-orderings in general. In the simple case of examples M and NN, there was
one initial segment from M that was a subset of one initial segment from N. In
the general case, any initial segments of N will be considered as long as they are
not initial segments of M. Similarly, more than just one initial segment from M
can be a subset of initial segments from N, just as long as the initial segment
from M is not an initial segment of N.

Definition 2 (Leanness). Quasi-ordering A is leaner than quasi-ordering B,
symbolized A T B, iff for every initial segment By of B and not of A there is
an initial segment Ao of A and not of B that is a subset of By:

VBy € I(B)\Z(A). 340 € I(A)\Z(B). (Ao C By) .

Leanness is a partial ordering, as we will see below. In the case of M and N,
we do have M C N. It is also the case that M is the leanest ordering in €.

Remark 1. The definition of leanness resembles a Smyth powerdomain construc-
tion [8] on initial segments (but removes common elements from comparison) and
the multiset extension [1] of proper superset (but applies to infinite sets).
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The initial segment relation, <, and the leanness relation, T, play comple-
mentary roles. For any two distinct quasi-orderings (ordering the same set of
elements), < will always leave the two orderings incomparable, whereas T may
make them comparable. When quasi-orderings are partial orderings (i.e. they
are anti-symmetric) the leanness relation does not compare any two distinct
orderings with the same set of non-reflexively ordered elements.

Possibly counter-intuitive at first is the following result.

Lemma 1. For any two quasi-orderings A and B,
A < Bimplies B C A.

Proof. For any two quasi-orderings A and B with A 9 B, we haveZ (A)\Z (B) =
(), so the definition of B C A is vacuously true. a

The reverse direction is not generally true for quasi-orderings, but is true for
(antisymmetric) well-orderings.

Lemma 2. For any two well-orderings A and B,
A C Bimplies B < A .

Proof. Suppose B is not an initial segment of A. Then Z (B) \ Z (A) is non-
empty. Let S be the set Dom™ B \ Dom* (A B). Since B is well-ordered (and
antisymmetric), there must exist a minimum 2 € S under the ordering B. Let
BO be

B | Dom* ({z} UDom" (AN B)) .

Then By € Z(B)\Z (A). Any Ay € T (A) that includes 2 must also include some
y ¢ Dom™ By, since Ay # By. For this reason, any Ag € Z (4) \ Z (B) cannot be
a subset of By. Thus A [ B. O

In general, leanness is always a partial ordering (of quasi-orderings). The
proof proceeds as follows:

Lemma 3. For any quasi-orderings A, Ag and B,
Ag < A and Ag € B C A implies Ag < B .

In particular, if Ay C By are both initial segments of some ordering, then
AO g Bo.
Proof. Assume Ag < A. By definition, Ag | Dom™ Ag = A | Dom™ Ag.
AO - B - A implies AO r Dom™ AO - B r Dom™ AO - A r Dom* AO
implies Ag [ Dom* Ay = B | Dom™ Ay
implies Ag < B. 0

Theorem 1. Leanness is a partial ordering of quasi-orderings.



38 Nachum Dershowitz and E. Castedo Ellerman

Proof. For any quasi-ordering A, A C A is trivially true since Z (A)\Z (A) = 0.
Thus leanness is reflexive.

Consider any quasi-orderings A and B, with A T B C A. Suppose there
exists Ay € Z(A)\ Z (B). Then there exists By € Z(B) \ Z (A) with By C A
and there must also exist Ay € Z(A) \ Z(B) with 49 C By. By Lemma 3,
Ap must be a member of Z (B), a contradiction. Thus Z (A) \ Z (B) must be
empty. Likewise Z (B) \ Z (A) must also be empty. Thus Z (4) = Z (B), and
hence A = B, implying anti-symmetry.

For transitivity, suppose

ACBLCC.
Consider any Cy € Z(C) \ Z (A). We show there must exist Ay € Z(A)\ Z (C)
such that Ay C Cy.

Case 1: Cp < B. Since A C B, there must be an Ay € Z (A) \ Z (B) such that
A C Cy. If Ay < C then Ay < B since Ay C Cy < B. Since Ag 4 B we
must have Ay 4 C. Thus there exists A9 € Z(A) \ Z (C) with Ay C Cp.

Case 2: Cy A4 B. Since B C C, there must exist By € Z (B) \ Z (C) such that
By C Co.

Case 2a: By < A. Thus there exists Ag = By € Z(A4) \ Z (C) with 4y =
By C Co.

Case 2b: By € A. Since A T B, there must exist Ag € Z (A4) \ Z (B) such
that Ag C By. By Lemma 3, if Ag were in Z (C') then A must be in Z (B),
thus Ag 4 C. Thus we have Ay € Z(A) \ Z (C) with Ay C By C Cp.

Thus A C C. O

4 Leanest

The set € from Section 2 provided a good example of orderings that include a
leanest ordering, but have no subset-minimum. In general, for any set of orderings
U, the two properties presented below are sufficient to know that a leanest
ordering exists in W. The structure these properties depend on is not from the
elements ordered or from the way the set of orderings is defined, but rather from
the set of all initial segments of members of ¥ (denoted Z (0)).

The first property is a closure property: any sequence of initial segments has
an upper bound. The second property is a kind of “tie breaker”. Intuitively, it
ensures that, for any initial segment in Z (¥), there is a “winning” minimum
super-segment to follow, which we will call the “successor segment”.

Definition 3 (Successor segment). Given a set of quasi-orderings ¥ and
quasi-ordering A € VU, a strict super-segment in ¥ of A is a successor segment
i W of A if it is a subset of all strict super-segments in ¥ of A.

Theorem 2 (Existence). A set of quasi-orderings ¥ has a unique leanest or-
dering if
1. every ascending sequence Cop < C; <1 Cy < ... in poset (Z(V), <) has an

upper bound in I (¥); and
2. every non-maximal member of (Z (V), <) has a successor segment in I (V).
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If chains in (Z (¥), <) can be uncountable, then the term “sequences” in the
first condition needs to be interpreted to mean transfinite sequences, which are
functions from ordinals instead of just non-negative integers. In this paper, se-
quences can mean transfinite sequences or the usual kind of sequences. Typically
the usual kind of sequences suffice.

The proof of existence of leanest orderings requires introducing some funda-
mental constructs and identifying some intermediate results. We start with the
analogues to union and intersection for initial segments.

Definition 4 (Greatest common initial segment). For any two quasi-
orderings A and B, define the greatest common initial segment to be

ANB:= J(T(ANnI(B)) .

Define the greatest common initial segment of a set of quasi-orderings S to be

ﬂA:zU(ﬂI(A)) :

Ae S Ae S

Because 7 (A) is closed under union, A M B must always be an initial segment
of both A and B.

Proposition 5. The greatest common initial segment operation T is associa-
tive, commutative and idempotent.

Definition 5 (Least common super-segment). For any two quasi-orderings
A and B, let the least common super-segment be the intersection of all quasi-
orderings for which A and B are both initial segments. Symbolically:

AUuB:=({C:AB<C}.
With M and U defined, we move on to an alternative definition of leanness
which at times is more convenient to use that the original definition.

Lemma 4. For any quasi-orderings A, B, and By € Z(B)\Z(A), if A C
By U (AN B) then there exists Ay € T (A)\Z (B) such that Ay C By.

Proof. Consider any quasi-orderings A and B. We select a set of initial segments
of A that intuitively “have what makes A not an initial segment of B”:

S:={R<A:RU(ANB)=A}.

Each member of S includes all of the comparisons of A that are “above and
beyond” what A and B have in common. The intersection of all members of S
gives us “just what makes A not an initial segment of B”:

A()Z: mR

ReS
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Since all members of S are in Z (A), Ap must also be in Z (A). Since all members
of § have or lack the same comparisons of A that prevent membership in Z (B),
Ap must also not be in Z (B). We are left with Ag € Z(A)\ Z (B).

Consider any By € Z(B)\ Z (A) with A C By U (AN B). With

AgU(ANB)= [ (RUMANB))= [ A=A
ReS ReS

we get
AgU(ANB)C ByU (AN B)

and conclude that for any comparison (x,y) ¢ AN B, (z,y) € Ap must imply
(x,y) € By. If (x,y) € AN B and (x,y) € Ap, then (z,y) € By must hold for Ay
to be the smallest member of S. Thus, Ag C By. a

Theorem 3. For any quasi-orderings A and B, A T B iff for every strict
super-segment By of AT B in B there exists a strict super-segment Ag of AN B
i A such that Ay C By.

Proof. Assume A C B. Consider any By < B with AT B < By. Since By €
Z(B)\Z(A) there exists Ay € Z(A)\ Z(B) such that A1 C By. Let Ay =
A; U (AN B). Since By is a super-segment of A B, Ay C By.

Assume

V By € B. (AHB < By — dAp € A. (Al_lB < Ay andAogBo)) .

Consider any By € Z(B)\ Z(A). Let By = By U (AN B). Since By < B with
AN B < By, there must exists A4g < A with AN B < Ay and Ay C By. By
Lemma 4, there exists Ay € Z (A) \ Z (B) with Ay C B;. Thus A C B. O

Corollary 1. For any quasi-orderings A and B with A 4 B, if A C By for
every By with AMB < By < B, then A C B.

Proof. For every By < B with AM B <1 By, there exists A <4 A with ANB < A
and A - Bo. (]

Next we introduce constructions and results for working with sequences of
orderings.

Definition 6 (Dual-Chain). For any sequence C' with Cy 3 C; 3 Cy J ...
descending in poset (U, ) let the dual-chain of C be the sequence of common
initial segments

Aa(C):= ] Cs.

Bzo

Let the dual-chain limit be their union:

lim? €= | ] A4 (C) .

Some results about dual-chains follow.
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Proposition 6

1. The dual-chain of a descending sequence in poset (U, C) is an ascending
sequence in (Z (V), <) and a descending sequence in poset (Z (V), C).

2. The least upper bound of a dual-chain in terms of < is the dual-chain limit.

3. For any descending sequence C in (U, C),

CoMlim? C = A, (C) .

Lemma 5. For any set of quasi-orderings ¥ and any sequence C with Cy 3
Cy 3 Cy 3 ... descending in poset (¥, C), such that every non-mazimal mem-
ber of (Z (W), Q) has a successor segment in I (), if the dual-chain limit of C
is not in I (C'), then it is leaner than all members of C.

Proof. Let L be the dual-chain limit of C'. Consider any C,, € C.

Since L 4 Cy, A, (C) < L and for some ' > o we have A, (C) < Ag (C)
for any 8 > .

Consider any Ay < C,, with L <0 Ag. Since Ay 4 L, there must exist some
8>3 >aand Ay € Cg. Since C3 T C, and Ay € T (Cy) \ Z (Cp) there must
exist some By € T (C) \ Z (Cy) such that By C Ap.

Both Ag (C) and A, (C) U By are initial segments of C3 and strict super-
segments of A, (C'). The intersection of Ag (C') and A, (C) U By and must also
be an initial segment of B and a strict super-segment of A, (C). Thus we have

Ao (C) € Aa (C)N(Aa (C)UBy) 4 L.
By Theorem 3, L C C,,. O

Lemma 6. For any set of quasi-orderings ¥ and any sequence C with Cy 3
Cy 3 Cy O ... descending in poset (U, C), Z(C) cannot include a successor
segment in I (V) of the dual-chain limit of C'.

Proof. Let S be a successor segment in Z (V) of lim“ C. Suppose there did exist
« such that S < C,. Since lim? C < S there must exist some (3 > « such that
S is not an initial segment of Cg. Thus C3 must be strictly leaner than C, and
CoMCg = lim? C and for any By with lim? C < By < Cjs it must be the case
that S is a subset of By. By Corollary 1, C, T Cg, a contradiction. ad

Lemma 7. For any set of quasi-orderings ¥, if every non-mazimal member of
(Z (W), <) has a successor segment in I (WV), then ¥ is down-directed (for all
A, B € U there must exist a C € U such that C T A, B).

Proof. If either A or B is an initial segment of the other then, by Lemma 1, the
proof is trivial.

Assume neither A nor B is an initial segment of the other. Thus A M B must
be a proper initial segment of both A and B. If every non-maximal member
of (Z(¥), <) has a successor segment in Z (¥), then AM B has a successor
segment S in Z () where S C Ay and S C By whenever (AT B) <1 Ag < A and
(ANB) < By < B.
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If S < A then S is not an initial segment of B and AM B = S M B and thus
A C S C BbyLemma 1 and Corollary 1.

Similarly, if S < B then B C A.

If S is not an initial segment of A nor of Bthen AT B=SMAand AN B =
S B and thus by Corollary 1, S £ A. Since S < W there exists some C' € ¥
with § < C. By Lemma 1, C' C A. O

The proof of the leanest-ordering existence theorem follows next:

Proof (of Existence Theorem). Consider any sequence C with Cp J C; O Cy O
... descending in poset (¥, C ). The dual-chain of C' is an ascending sequence in
poset (Z (¥), C). By the first condition on Z (¥), the dual-chain must have an
upper bound U in poset (Z (¥), <). Since Z (U) is closed under union, the dual-
chain limit V' must be in Z (U), and thus also in Z (¥). We seek L < U leaner
than every member of sequence C'.

Case 1: The dual-chain limit V' is not in Z (C'). Choose L = V. By Lemma 5,
L C C, for all a.

Case 2: V € (. Choose L = V. For some «, C,, = L. For every 8 > a, C, 1Cp
and Cg C C, thus Cg = C, by Lemma 1 and Theorem 1. Again, L T C,
for all a.

Case 3: V € Z(C)\C. For some o, lim? C' < C,,. Using the second condition on
7 (W), we choose L to be the successor segment in Z (¥) of lim* C. Consider
any ' > «. By Lemma 6, L is not an initial segment of C,/ and hence
Cy ML < L. Since lim? C is an initial segment of both C,,, and L, lim? ¢ <
Co M L. Since L is the successor segment of lim? C, it must be the case
that lim? C = Cu M L. Thus, for all Ag with Coy ML < Ag < Cb, we have
L C Ay. By Corollary 1, L T Cy.. It follows that L. C C,, for all a.

In all three cases, we have L < W leaner than every member of C. There
must exist some M € W such that L < M. By Lemma 1, M C L, thus M is a
lower bound to C' in poset (¥, C).

If chains can be uncountable, then “sequences” must be interpreted to mean
transfinite sequences. Otherwise, the usual kind of sequences suffices. Since every
descending sequence in (¥, C) has a lower bound, every chain must have a
lower bound, because every chain can be countably enumerated (or well-ordered
if uncountable) and a descending subsequence extracted. By Zorn’s Lemma, ¥
must have at least one minimally lean member. By Lemma 7, ¥ is directed, so
there can be only one. Thus, there must exist a unique leanest member of ¥. 0O

5 Application to Binary Trees

Farlier, we described a very simple leanest string ordering. With the Existence
Theorem, leanest orderings of greater complexity can be found. In the example
to follow, binary trees serve as elements rather than strings.

The most basic and trivial tree is the empty tree denoted O. This tree has no
nodes or branches. From the empty tree O, more interesting trees can be built
using the operation of (z A y), which places tree = to the left of a root node and
tree y to the right. For instance,
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(D*D): .

(OA(OAO)) =
(ODAD)A0) =

(ODAO)A(OAO)) = o~
The following set of conditions for quasi-orderings comes from [2]:

Definition 7 ([2]). Let Q be the set of all quasi-orderings A of finite binary
trees that satisfy the following three tree-ordering conditions:

— Growth: (x Ay) Za x,y;
— Momnotonicity: if y 4 z then (x Ay) Sa (x A2) and (y A x) Sa (2 A2);
— Lexicography: (x1 Axo) Sa (Y1 Ayo) if x1 <a y1 and xo S (Y1 A Yo)-

We establish that the first condition of the Existence Theorem holds for 2.

Lemma 8. Every chain in (Z (2), <) has an upper bound.

Proof. Consider any chain C in poset (Z (£2), <). Let L = UaeccA and D be the
set of all trees that are not ordered by L (the complement of Dom* L). Let K
be the ordering defined as

3Ly, or
3k y:=< x€Dom"L and y € D, or
r,y €D

The ordering K places D as an equivalence class ordered strictly above Dom™ L.
It must satisfy all of the conditions to be a member of €2 and thus L < Q and is
an upper bound of C. g

Next we establish that the second condition of the Existence Theorem holds
for €.

Lemma 9. For every A <, the set of strict super-segments of A has a subset-
minimum.

Proof. Consider the set S of strict super-segments in Z () of A. Because 2
consists of total well-founded orderings (see [2]), every super-segment in S must
have an equivalence class ordered as less than all other elements outside of A.
Let T be the set of all these equivalence classes and let B be the intersection of
all these equivalence classes.

No two members of T' can be disjoint, since otherwise one could construct
an ordering of trees that satisfies the conditions of membership in 2, but the
ordering would not be total — a contradiction.
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Furthermore, there can be no subset descending sequence of members of T,
for otherwise one could construct an ordering of trees that satisfies the conditions
of membership in 2, but again the ordering would not be well-founded, which is
a contradiction.

Were B empty, then either two members of 7" would be disjoint or there
would be a subset descending sequence of members of T'. Since neither can be
the case, B must be non-empty.

Let C be the ordering of A with B placed as an equivalence class strictly
above A. Let D be the ordering of C' with an equivalence class strictly greater
than C consisting of all binary trees not in C. If D is not a member of 2 then
one of the members of S cannot be the initial segment of a member of €2; one of
the conditions for membership in €2 must be violated.

Thus, C is the subset-minimum of all strict super-segment in Z (Q2) of A. O

Tt follows from Theorem 2 that €2 has a leanest (Ipo-like) ordering.

6 Conclusion

The minimum quasi-ordering satisfying certain conditions is a convenient def-
inition for a well-quasi-ordering used in proving termination of rewriting. A
set of quasi-orderings — rather than partial orderings — is easier to define since
anti-symmetry is not required. But we have seen that this definition technique
comes with a possible snag: There may be no subset-minimum. In particular,
conditions that involve a strict comparison (<) can preclude the existence of a
subset-minimum.

To compensate for this problem, we described an alternative to a subset-
minimum ordering, namely, the “leanest ordering”, building on fundamental
notions for quasi-orderings. By establishing two properties on a set of quasi-
orderings, a leanest ordering is guaranteed to exist. These properties are defined
independent of what kind of elements are ordered and what conditions define a
set of quasi-orderings, which should help the results of this paper be applicable
in a wide range of situations.
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